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PREFACE 


The underlying theme of this monograph is that the 
fundamental simplicity of the properties of orthogonal 
functions and the developments in series associated with 
them not only commends them to the attention of the 
student of pure mathematics, but also renders them in- 
evitably important in the analysis of natural phenomena 
which lend themselves to mathematical description. 

It is the essence of mathematics that it concerns it- 
self with those relations which lie so deep in the nature 
of things that they recur in the most varied situations. 
This is particularly true, of course, of the rudimentary 
notions of arithmetic and geometry which have forced 
themselves on the attention of mankind since the earli- 
est beginnings of thought. But with the advance of sci- 
ence and the accompanying extension of the range of 
phenomena subjected to quantitative discussion, more 
highly organized groups of concepts, gradually simpli- 
fied by reduction to their essentials, have come to mani- 
fest themselves with similar persistence. 

Among these are the formulations relating to the 
general analytical concept of orthogonality, and, in a 
more restricted field, the particular types of orthogonal 
systems discussed in the following chapters. 

The choice of material is guided by two main lines 
of development, which are intimately associated from 
the beginning, but ultimately diverge in accordance with 
alternative principles of generalization. 

For the standard method of solution of the ‘'partial 
differential equations of mathematical physics” by 
means of orthogonal functions the Fourier series may 
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be regarded as the prototype, corresponding to the use 
of rectangular coordinates for purposes of geometric 
representation. Different choices of coordinate system 
lead to the series of Legendre, Laplace, and Bessel, as 
well as others not considered here at all. The words 
Fourier series in the title of the book are intended to 
typify, if not adequately to describe, this phase of the 
discussion. 

The reader whose primary interest is m the physical 
applications may find it most satisfactory to begin with 
Chapters IV and V, referring back to the earlier chap- 
ters as the need for such reference becomes apparent, 
and postponing the study of convergence for later con- 
sideration. 

As orthogonal polynomials, under the second half of 
the title, the Legendre polynomials are in a sense the 
simplest, having the constant unity as weight function. 
Other weight functions correspond to the Fourier series 
of sines and cosines separately (in connection with an 
auxiliary change of variable), the derivatives of the 
Legendre polynomials, the more general polynomials of 
Jacobi, and those of Hermite and Laguerre. From com- 
parison of these various types it is natural to proceed to 
the consideration of orthogonal polynomials with an , 
arbitrary weight function. 

Within the compass of the matter to be presented, 
the order of topics has not been governed by strict 
adherence to either of the courses of development thus 
outlined. Various departures from what might be re- 
garded after the event as the most direct logical sequence 
have appeared expedient in the interest of compactness 
of expression or facility of comprehension. In case of 
conflict between these desiderata the latter has been re- 
garded as of paramount importance. 
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For the reading of most of the book no specific 
preparation is required beyond a first course in the cal- 
culus. In Chapters VIII, IX, and X, and in some of the 
exercises on Chapter III, an acquaintance with funda- 
mental facts about the Gamma and Beta functions is 
assumed. A certain amount of “mathematical maturity” 
is presupposed, or should be acquired in the course of 
the reading. The reader must be able to appreciate the 
general notion oi function, apart from representation by 
a preconceived type of formula; he must be ready to 
think of the value of a definite integral as a numerical 
magnitude, subject to relations of greater and less, and 
only incidentally as the result of a particular process of 
calculation. Especially, he must be prepared to accept 
the word orthogonal as a term of mathematical analysis, 
on the basis of its definition, with a geometric associa- 
tion only in the remote background or temporarily in 
abeyance altogether, as he has already learned to speak 
of a linear equation or the square of a number without 
feeling obliged to visualize a geometric figure in connec- 
tion with every occurrence of the words. 

Under the circumstances, “rigor” in the sense of 
literal completeness of statement has been out of the 
question. It is hoped however that the reader who is 
familiar with the methods of rigorous analysis will be 
able without any difficulty to read between the lines the 
requisite supplementary specifications, and will find 
that what has actually been said is entirely accurate in 
the light of such interpretation. 

A set of exercises relating to the various chapters, 
and intended for the most part to illustrate and extend 
the text rather than to serve for purposes of “drill,” has 
been grouped together at the end of the book. 

A bibliography of suggestions for supplementary 
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reading has also been placed at the end, and citations in 
the text, when not otherwise given in detail, refer to the 
items of this bibliography. A short list of references to 
the bibliography is attached at the end of each chapter. 
A few more specific references have been inserted in 
footnotes. 

This book is based on a course which I have given 
at the University of Minnesota over a long period of 
years. It would be impossible now to make acknowledg- 
ment to all the individuals in successive generations of 
students whose comments I have consciously or uncon- 
sciously taken into account. I am grateful to the Cams 
Monograph Committee, and in particular to its Chair- 
man, Professor Saunders Mac Lane, for the most cordial 
cooperation and for numerous illuminating suggestions. 

Dunham Jackson 
The University of Minnesota 
April, 1941 
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CHAPTER I 


FOURIER SERIES 

1. Definition of Fourier series. A given function /(x) 
can be represented, under hypotheses of considerable 
generality, by an infinite series in the form 

f{x) = Ao + ai cos a: + fl 2 cos 2x + 

+ bi sin X h sin 2x -{■ 

Such a series, when the coefficients are determined in 
the manner to be described below, is called a Fourier 
series. 

Since each term is a periodic function with period Itt, 
the sum of the series necessarily has the same period. (A 
function <j){x) is said to have a constant a as a period if 
is identically equal to <j>{x), even though a may 
not be the smallest value for which a relation of this sort 
is satisfied. If a is a period, any integral multiple of a is 
also a period. In accordance with this definition, cos nx 
and sin nx have the period 27r, although they have also 
the smaller period 27r/».) 

On the other hand, a Fourier series is sometimes use- 
ful for the representation of a given function in a single 
interval of length lir, when the property of periodicity 
is of no concern except as it results incidentally from 
evaluation of the series outside the interval in which the 
function was originally defined. 

The period 2 t may be replaced by one of arbitrary 
length, as will be pointed out later, with no additional 
difficulty beyond a slight loss of simplicity in the formu- 
las. 


I 
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2 . Orthogonality of sines and cosines. The deter- 
mination of the coefficients depends on the evaluation 
of certain definite integrals involving the sines and co- 
sines which enter into the terms of the series. In the first 
place, if n is an integer not zero, 


cos nx dx = 0 , 


J™ sin tix dx 


The latter relation holds also for « = 0 ; in the former, 
setting » = 0 replaces the right-hand member by 27r. 

Throughout the rest of this section, p and q will be 
understood to represent non-negative integers. Since 

cos fx cos qx = \ cos (^ — 9)35 + | cos {p -f- q)x 

it follows by application of the above with n — p — q and 
again with n=p-\-q that 

( 3 ) J* cos px cos qxdx — Q 

when P 9 ^q. If q^py^O, the integral of cos {p-\-g)x over 
the period interval is still zero, while the other term gives 

J' cos* px dx — TT. 

Similarly, the identities 

sin px sin qx = ^ cos (p ~ q)x - ^ cos (p + q)x, 
sin px cos 93: = 5 sin (/> — ^ sin (p -f q)x 


/-> 


sm px sin qx dx = 0 , 


P 9^ q, 
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( 5 ) 



sin* px dx = tr, 



sin px cos qx dx ~ 0, 


p 9^ 0, 


the last relation holding whether p and q are the same or 
different. 

The vanishing of the integrals in (3), (4) and (5) is 
expressed in words by saying that any two of the func- 
tions 1 , cos X, cos 2x, • • • , sin x, sin 2x, • • ■ are orthog- 
onal to each other over the interval (— tt, tt). 

In general, two functions u(x), v(x) are said to be 
ORTHOGONAL to each other over an interval {a, b) if 


£ 


u(x)v(x)dx = 0. 


This concept of orthogonality, to be regarded as a 
characteristic of functional relationship purely on the 
basis of its definition, is in fact related, not obviously 
perhaps but through certain stages of interpretation 
and generalization, to that of perpendicularity in ge- 
ometry.* 

3. Determination of the coefficients. If it is assumed 
for purposes of formal calculation that the series can be 
integrated term by term, integration of (1) with the use 
of (2) gives 



each integral on the right, with the exception of that of 


* See E.X. 5 among the exercises on Chapter VII at the end of the 
book. 
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the constant term, reducing to zero. For the dolerniina- 
tion of ak when let the identity (1) Le multiplied 
through by cos kx, and let the resulting expression for 
f(x) cos kx be integrated from -x to tt, still under the 
assumption that integration term by term is legit iniatt'. 
Again each integral on the right reduces to zero, in con- 
sequence of (2), (3), and (5), with the e.xception of a 
single one, in this case the one containing cos* kx, and it 


is found that 




r *■ 


/ 

X 


cos kx dx 

= ak 1 

cos* kxdx = iraic 

J-r 

1 , 

J 

-“tr 

(6) 

ak = — 

I M 

cos kx dx. 


T J 

— T 


Similarly, 

1 . 



( 7 ) 

= — 

1 fix) 

sin kx dx. 


r J 

—If 



It will be noticed that the formula for dk does not 
reduce to that for .do if ^ is set equal to 0. However, if 
2.4o is denoted by oo» this ao is given by (6) with k =0. 
Henceforth a Fourier series will regularly b(; w'ritten in 
the form 

CLq 

(8) {<^‘k cos kx + bk sin kx), 

2 fc-i 

with all the coefficients, including ao, given by (6) and 

( 7 ). 

The above derivation of the coefficients has involved 
certain assumptions with regard to the integration of the 
infinite series, li f{x) is any integrable function on tlu' 
interval (— tt, tt), however, a set of coefficients a*, bk 
can be defined outright by the formulas (6), (7), and 
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the resulting series (8) can be studied on its own merits 
as to its convergence and its validity as a representation 
of/(x). This point of view will be adopted from now on; 
a Fourier series (8), whether convergent or not, will be 
associated with every function f{x) for which the inte- 
grals (6), (7) have a meaning. 

(The word integrable, here and throughout the sub- 
sequent pages, refers to the existence of the definite 
integral in question as limit of a sum, or, in the case of 
an improper integral, to the existence of the limit by 
which convergence of the improper integral is defined,* 
not to the possibility of evaluating the integral explic- 
itly in terms of familiar formulas.) 

If F{y) is a function of the variable y with period 2p, 
where p is an arbitrary positive number, let 

X = TTyfp, y = px/r, 

and let F{y) as a function of .r be denoted by f{x). Then 
f{x) has the period 2ir in terms of x. If/(x) is represented 
by a series of the form (8), this constitutes a representa- 
tion of F{y) In the form 

= h 2-. — h bk sin — — 

2 \ p P 

and the formulas (6), (7) for the coefficients become 



* Alternatively, the word may be understood as stipulating the 
existence of the integral according to the definition of Lebesgue. 
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The whole theory of Fourier series is potentially of a 
corresponding degree of generality. The discussion will 
be continued, however, in terms of the simpler formulas 
associated with the particular value p=^ir. 

It is obvious from the interpretation of a definite 
integral as the area under a curve, and readily proved on 
the basis of the analytical definition, that if a periodic 
function is integrated over a period interval, this hiterval 
can he replaced by any other of the same length without 
changing the value of the integral. If d>ix) has the period 
27r, 

pt a+2T 6“f*2x 

I d>(x')dx = I (f>(x)dx 

for all values of a and b. In connection with the Fourier 
series for a function of period 27r the integrals may be 
written as extended over the interval (0, 2t) instead of 
(~7r, tt), and the use of still other period intervals is 
equally permissible and sometimes essential. 

4. Series of cosines and series of sines. It is obvious 
likewise, and still more easily proved analytically than 
the assertion of the last paragraph, that if <j>ix) is an 
even function, one such that d>{~x)^4}{x), and if it is 
integrated over any interval (—a, a) symmetric with 
respect to the origin. 


/•a pa 

I 4>{x)dx = 21 4>(x)dx. 

d —a J a 


By way of proof, let the integral from —a to a be writ- 
ten as the sum of those from —a to 0 and from 0 to a, 
and in the integral from —a to 0 let i= — x; then 
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and the two parts into which the whole integral has been 
resolved are equal. 

Similarly, if (j>{x) is odd, i.e. if 4>{—x) = —(j>{x), 



the integrals from —a and 0 and from 0 to a being equal 
in magnitude and opposite in sign. 

If f{x) is an even function in the interval ( — t, r), the 
function f{x) cos kx is even and the function f{x) sin kx 
is odd, for each value of h. When the coefficients in the 
Fourier series for/(x) are defined by (6) and (7), 

2 r ^ 

(9) Ok — — I /(^c) cos kx dx 

T J 0 

and bk = 0. The Fourier series for f{x) contains only cosine 
terms, and the coefficients are given by (9). 

If f{x) is odd, the products/(x) cos kx and/(x) sin kx 
are odd and even respectively; the Fourier series con- 
tains only sine terms, the coefficients being given by 

2 r ^ 

(10) bk = — I f{x) sin kx dx. 

TT Jo 

The formulas (9) and (10) in themselves involve the 
values of the function f(x) only in the interval (0, t). 
Any function which is integrable from 0 to tt can be 
formally represented in that interval, without any as- 
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sumption in advance that it is even or odd or periodic 
or defined elsewhere at all, by a scries of cosines with 
coefficients (9), and alternatively by a sine series with 
coefficients (10). 

5. Examples. Let the formulas of the last section be 
applied to the function /( jc) in the interval (0, tt). 

For the corresponding cosine scries, 


Ok = 



kx dx. 


When k = 0, direct integration gives immediately ao —-tt. 
For k>0 let integration by parts be used, with x and 
cos kx dx as factors; it is found that 



X cos kx dx = [{\/k)x sin kx 



sin kx dx 


— (l/^^)[cos k-x — l], 

so that aA = 0 when k is even, and ak=--^l {rk-) when k 
is odd. The resulting series is 

TT 4 r cos 3 x cos 5.1: 

2x1 3® 5® J 

For the sine series, 


J xsmkxdx= [— (l/k)x cos ~ J" 
— (— x/k) cos kx, 


r 

cos kx. dx 


2 2 
bk = — I a: sin Jfca; ia; = ( — 1) — , 

X J 0 h 


so that the series has the form 
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( 12 ) 


sin .V 


sin lx sip 3x 
1 


sin 4.T 


+ 




Each of these series is in fact convergent to the value 
X throughout the interval (0, tt), except for the right- 
hand end point x = t in the case of the sine series. This 
will be established by the convergence proof to be given 
in §10 below. (The manner of convergence of certain 
series closely related to these is illustrated by the graphs 
accompanying Exs. 3, 4, 5 on Chapter I at the end of 
the book.) If the truth of the assertion is accepted mean- 
while for the sake of argument, some striking conse- 
quences are immediately apparent. 

Each term of (11) is an even function of period 2ir. 
If X is given any value outside the interval (0, t), the 
series is the same, term by term, as for a corresponding 
value of X in the interval. Being convergent in (0, tt), 
it is therefore necessarily convergent for all values of x, 
to a sum which is itself an even function with the period 
It. The graph of the sum is obtained by reflecting the 
line segment y = x, O^x^w, in the y-axis, and repeating 
the broken line thus obtained for —tt^x^t in succes- 
sive intervals of length 2ir to the right and to the left. 
The whole graph is a zigzag line having corners at 
abscissas 0 , ±Tr, ± 27 r, ■ ■ • . Analytically, the sum is a 
continuous function whose derivative is discontinuous 
for the valu(‘S of .v indicated. 

In (12), on the other hand, each term is odd, having 
still the period 27r. The series is term by term the same 
for any \'alue of .r outside the interval (0, tt) as for a cor- 
responding value of -t in that interval, or the same ex- 
(H'pt for a reversal of sign throughout. Its convergence 
is therefore certain when it is known to be convergent 
in (0, tt), and its sum is odd and periodic. The graph is 
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symmetric with respect to the origin, and the sum is 
simply X throughout the interval ■~Tr<x<7r. The line 
segment representing the sum in this interval, and cross- 
ing the x-axis at its middle point, is then to be trans- 
lated horizontally to the right and to the left for repeti- 
tion in successive period intervals, to give the rest of 
the graph. The sum of the series this time is itself a dis- 
continuous function with breaks at the points x=±t, 
±3ir, • • • . For these particular values of x the series 
is obviously convergent to the value 0, since each term 
vanishes separately. 

The sum of a Fourier series, even in some of the 
simplest (and most important) cases, may thus be a 
quite dilferent sort of function from those ordinarily 
dealt with in elementary analysis. The study of such 
series has been largely instrumental in bringing into cur- 
rency the modern notion of function, according to which 
y is a function of x if definite values of y are associated 
with specified values of x in any way whatever, without 
restriction to the special types of dependence which first 
became familiar. 

Discontinuities in function or derivative of the sort 
just described are to be sure by no means peculiar to 
Fourier series. They are equally characteristic of the 
other types of series to be studied later in this volume, 
and can be illustrated, though somewhat artificially, by 
series of more elementary form. 

For example, the binomial series 



1 

y2_|_ 

2-4 


1-3 

2-4-6 


3,3 


1-3-5 

2-4-6-8 


y* + ■ ■ ■ 


represents the non-negative square root of l-f-y for 
(A complete proof of this assertion for the 
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end points of the interval is not entirely elementary, 
to be sure, but the form of the series is familiar.) If 
y=x^ — l, the non-negative square root of 1 -fy is a; when 
jc is positive, and — aiwhenxis negative: [l-l-(x^— 

= |a:j. The interval — corresponds to the in- 
terval In this interval the 

series 







1 - 3-5 

2 - 4 - 6-8 


(x^ - ly -h 


represents the function [:r|, the graph of which has a 
corner at the origin. The term-by-term derivative of 
this series (the expression (a;* — !)* with its coefficient 
being regarded as a single term) represents the value 1, 
as derivative of |3c[, for 0<a:^2^''^ and —1 for —2^'^ 
^x<0, and obviously converges to the value 0, since 
all the terms vanish, for a!: = 0. 


6. Magnitude of coefficients under special hypothe- 
ses. Let f{x) be a function of period 27r which has a con- 
tinuous first derivative for all values of x. In the integral 
defining the Fourier coefficient a*, integration by parts 
gives 


Irak — 



cos kx dx 


= [(l/A’)/(-r) sin i’x-]’' f f'{x) sin kxdx. 

k J-r 

The product f{x) sin kx vanishes at both ends of the 
interval. If Mi is the maximum of |/'(x)|, 
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apart from the question of formal demonstration, the 
fact that the absolute value of a definite integral can 
not exceed the integral of the absolute value of the 
integrand is evident from the interpretation of the 
integral in terms of area. So |ofcl .Similarly, 

15*1 the expression f{x) cos kx which enters 

into the calculation does not vanish in general for 
x = ±x, but it does take on the same value at both ends 
of the interval. The coefficients approach zero as k l)e- 
comes infinite, with at least the degree of rapidity 
indicated by the inequalities obtained. 

Suppose now that f{x) has a continuous second 
derivative, with Mz as the maximum of [/"(.r) | . By two 
successive integrations by parts, with attention to the 
periodicity of the functions involved. 


pr 1 ^ ' 

= I f(x) COS kxdx = I f'{x) sin kx dx 

J -r k J 


~ Tz f /"(•'c) COS A-X J:r, 

and |afc| -^IMzIk^. In the same way, \bk\ ^2Mz/k^. 

Under the conditions of the last paragraph it can 
be inferred immediately that the Fourier series is con- 
vergent. For 

I a* cos kx H- 5fc sin kx \ ^ AMz/k'^, 

and the right-hand member is the general term of a 
convergent series. But from the point of view of com- 
pleteness of demonstration this is not the same as saying 
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that the series converges to the value f{x); if the sine 
terms were omitted the remaining series of cosines would 
be no less convergent, but would not represent /(x) in 
general. A proof that the series converges to the desired 
value, with less restrictive assumptions concerning /(jc), 
will be given in §10. 

It will be convenient later to have similar inequalities 
for the coefficients under somewhat different hypotheses. 
Let/(x) be continuous and of period Itt, and let it be 
supposed that the interval (— tt, t) can be divided into 
a finite number of subintervals, in each of which f{x) 
is linear. The graph of f(x) in any one period interval 
is then made up of a finite number of straight line 
segments of finite slope joined end to end. Such a func- 
tion will be called for brevity a broken-line function. Let 
the abscissas of the corners in the interior of (— x, x) 
be Xu Xi, ■ • ■ , Xm-u and for uniformity of notation 
in the next formulas let xo= —tt, x« = x (whether these 
points are corners or not). Let be the constant value 
of/''(x) in the interval (xy_i, xf), and let X be the largest 
of the numbers [X,|. For thejth subinterval, 

/(;v) cos kx dx 

— [(\/k)f(x) sin ^’.v] ’ f Xj- sin kxdx 

= (!//'■) [/(-ry) sin kxj - /(.Ty_i) sin kxj^i] 
(Xy/A’‘)[cos kxj — cos 

When a summation is performed over the m subin- 
lervals, 

m 

X) [/Lv,) sin kXj - /(.ry-i) sin kxj^i] 

i-i 

= /(tt) sin A’x — /(— x) sin (— Ax) = 0, 
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while l(Xj//fe2) [ cos kxj — cos | ^ 2X/F, and 
2 (Xj-/ife®) [cos kxj — cos kxj^\\ ^ 2m\/k^. 

y=i 

Consequently 

2?«X 

cos kx dx 

ttP 

Similarly |6fej ^ ImK / the difference /(tt) cos kir 
— /(— tt) cos { — kir) is zero by reason of the periodicity 
of/(a:) and cos kx, although its terms do not in gem‘ral 
vanish separately. The Fourier coefficients a*, bk of a 
broken-line function are such that 

(13) H\^C/k\ \b,\^C/k\ 

where C is independent of k. 

An upper bound of the same order of magnitude 
would be obtained for the coefficients if/(a!:) merely had 
a continuous second derivative in each subinterval, in- 
stead of being linear there, corners being still admitted 
at the abscissas but this more general conclusion will 
not be needed. 

It is clear that if f{x) has a continuous derivative of 
higher order, this hypothesis can be used to prove still 
more rapid approach of the coefficients to zero. 

7. Riemann’s theorem on limit of general coefficient. 

Let /(a:) now be any function which is intcgrable over 
the interval (— t, tt), not necessarily periodic or defined 
at all outside that interval, but subject only to the addi- 
tional restriction that [f{x)Y also is integrablc over 
(— TT, tt). Let Sn(x) be the partial sum of its Fourier 
series through terms of the wth order, 
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(14) ^„(.v) - - - + cos kx + bk sin kx). 

2 A_.l 


/ ' a-o C ’’ 

f{x)s,,{x)dx = I /(.r)ri.v 
-TT L J ^.x 

A r r r • 

^ X) I /(•'^■) cos ^Aw/.x; + I /(,r) sin ib.v Jx 
*. 1 L »/-)r v'_. 


4- ttX («/; + 


and from the integral relations in §2, on expansion of 
[5„(x)]^ and integration term by term, that 


r [.v„(x)]V.x: 
J -x 


+ 7rX (o' + &!•). 


Consequently 


f IJX-^') - ■’^n(x)j'’dx 

^ -TT 

= r [fix) \hix - 2 r ^f{x)s,ix)dx + r " [.s-„(-v) 

»/ ._7r J ^ —jr 

= Jj/wiv.v-r’’''^ + ,i ;(2 + t!)l. 


The first member of this equality, being the integral 
of a square, is non-negative. It follows that 


<Rl A, 2 ,2, 1 

■I' + X (o/.- + ^ — I 

2 jt.-a TT J ^x 


x) dx. 



16 


FOURIER SERIES 


Since this is true for all values of n, while the right-hand 
side is independent of n, convergent, 

and therefore, inasmuch as a necessary condition for the 
convergence of a series is that the general term approach 
zero, 

(15) Urn Ojt = 0, lim bk = 0. 

A: -+00 A:—* CO 

The theorem that the Fourier coefficients approach 
zero, known as Riemann’s theorem, is in fact true with- 
out the requirement that {/(x)]- be intcgrable. Proof of 
this more general fact will be omitted here. A corre- 
sponding proof for a closely related type of scries, which 
can be readily modified (and simplified) so as to apply 
to Fourier series, is given in §4 of Chapter XI. 

The substance of (15) as proved in the present sec- 
tion may be recorded in a different notation by saying 
that if 4>{u) is a function (not necessarily periodic) such 
that both 4> and are integrable over ( — tt, tt). 


(16) 


lim I cos nu du ~ 0, 


lim I ^(tt) sin nu du — 0. 

71— >00 J 


A corollary, not particularly noteworthy in itself, will 
be used presently as a lemma. If the hypotheses are satis- 
fied by d>{u) they will also be satisfied by the functions 
d>{u) sin \u and 0(w) cos \u. Let the first of these prod- 
ucts be substituted for <l>{u) in the first equation of (16), 
and the other in the second equation. By addition of the 
results, 


lim 



sin {n -f ^)m du == 0. 


(17) 


n— +00 
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8. Evaluation of a sum of cosines. Further study of 
the convergence of Fourier scries is based on a trigono- 
metric identity. Let the sum 


G{v) = - 3 - + 53 cos kv 

be multiplied by 2 sin For let the products be 
evaluated by the relation 

2 sin ^-v cos kv = sin (k + ^)v — sin (k — -Di;. 


Thus 


2 sin ^vG{v) = sin liJ + 53 [sio (k -f — sin (k — Dzi] 
= sin (n -f f)t;, 

and 


(18) 


sin (« -]- 

I -f cos D + cos 2v + ■ ■ ■ + cos = ; 

2 sin 


9. Integral formula for partial sum of Fourier series. 
In 5n(^) as defined by (14) let the formulas for the 
coefficients be written with t as variable of integration; 

a* = — r /(/) cos kt dt, = — r /(/) sin kt dt. 

IT J -r TT J 

In forming the products n* cos kx, bk sin kx with these 
expressions for the coefficients, the factors cos kx, sin kx, 
being constant with respect to the variable of inte- 
gration, can be written inside the integral sign, and 
the pair of terms a* cos kx-{-bk sin kx can be represented 
by 
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1 

TT 



1 

COS kt cos kx dt 

tr 



sin kt sin kxdt 



IT J -r 


cos k{t — x)dt. 


So has the representation 


1 « r 1 " 

— I /(O 1" S cos k{t — x) dt, 

ir J -T L 2 *=1 


which by (18), with v~t—x, is equivalent to 


( 19 ) 


5n(a:) 


1 r ' sin (« + |)(^ - x) 
ir J -r 2 sin ^{t — x) 


Let it be supposed now that f{x) has the period 27r. 
In (19) let the variable of integration be changed by the 
substitution u = t—x. The limits of integration with 
respect to u are in the first instance —tt—x and tt— jc; 
by the observation in the last paragraph of §3, how- 
ever, since the integrand has the period 27r with respect 
to «, the integral from —tt—x to tt—x has the same 
. value as that from — x to x. So 


1 /* *■ sin (« -1- \)u 

(20) s„(x) — I /(x-f w — du. 

X J _T 2 sm f M 

(The periodicity of the fraction as a function of u is 
apparent from (18); in the fraction itself, increase of u 
by 2x reverses the algebraic signs of numerator and 
denominator separately, but leaves the value of the 
ratio unchanged.) 

10. Convergence at a point of continuity. By inte- 
gration of (18) from — x to x, 
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r ' sin (n + 

(21) — - , du = 

J -r 2 sm 

Let this equation be multiplied by (I/tt) f{x) ; since f{x) 
is a constant with respect to the variable u, it can be 
written under the sign of integration; 


TT J -r 


sin {n + \)u 
2 sin hu 


By subtraction of (22) from (20), 

1 r'r , sin (m+Dm 

(23) Sn{x)-f(x)=— I [fix+u) -f{x) ] — — — du. 

■K J -r 2 Sin 


The proof of convergence consists in showing that under 
suitable hypotheses this expression approaches zero as 
n becomes infinite. 

Let f(x) be an integrable function of period 27r such 
that [/(x) Y also is integrable over a period. This condi- 
tion will certainly be satisfied if f{x) is everywhere 
continuous, or if it is continuous except for a finite 
number of finite jumps in a period, a finite jump being 
a point of discontinuity at which the function ap- 
proaches a limit from the right and approaches a dif- 
ferent limit from the left. Let attention be concentrated 
on the question of convergence at a specified point, and 
let it be assumed (for the present) that f(x) is continu- 
ous at the point in question. The value of x being re- 
garded as fixed, let 

f(x-\-u) - fix) 

<t>M = _ . 1 

2 sin 

Then by (23) 


(24) 


^n(:K) - /(a;) = — r 4>{u) 

TV J —TC 


sin {n 4- |)« du. 
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The quotient <j>iu) can be written in the form 


(P(u) = 


fix u) - fix) 


\u 

sin 


The fraction (|«)/sin i\u) approaches the limit 1 as m 
approaches 0, and if defined by this limiting value for 
M=0 is continuous for — The condition that 
\jix-\-u)—fix)]ju approach a limit for w=0 is precisely 
the condition that/(/) have a derivative for /=:*:, by the 
definition of a derivative. If a derivative exists in the 
strict sense, i.e., if the difference quotient approaches 
the same limit as u approaches 0 from either side (the 
word limit referring always to a finite limit), 4>iu) is 
continuous for w = 0 if defined there by its limiting value. 
If different limits are approached from the right and 
from the left, as at a point where the graph of fit) has 
a comer, f>iu) has a finite jump for w = 0. In either case, 
if fit) is continuous except for a finite number of finite 
jumps in a period, the same is true of (fiu) in the inter- 
val (-T, 7r). By (17) then, as applied to (24), 

lim [5n(^c) - /(a;)] = 0. 

n-*«5 


The conclusion may be stated as follows: 

If fix), having the period 2ir, is everywhere continuous, 
or is continuous except for a finite number of finite jumps 
in a period, its Fourier series converges to the value fix) 
at every point of continuity where fix) has a right-hand 
and a left-hand derivative, whether these are the same or 
different. 

The conclusion holds even if no derivative exists at 
the point, and without reference to the details of the 
last two paragraphs, provided that [^(w)]^ is integrable. 
Still more generally, it is sufficient that (j>iu) and | (^(m) | 
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be integrable, if Riemann’s theorem of §7 is assumed as 
known in the correspondingly more general form. 

11. Uniform convergence under special h 3 rpotheses. 
The proof of the last section applies in particular if f{x) 
is a broken-line function as described in §6. It was al- 
ready apparent from the reasoning of §6 that the Fourier 
series for such a function is convergent; it is now assured 
that the sum of the series is f{x) for all values of x. 

Since the series actually represents /(a:), the differ- 
ence between f{x) and Sn{x) can be written in the form 

00 

/(a:) — Sn(x) = ^ (dj, cos kx -}- bk sin kx). 

In consequence of (13), ja* cos kx-j-bk sin kx\ S2C/k^, 
and therefore 

\f(x) - Sn(x) I ^ 2C X) • 

fc=n+l K 


Since 1 /k ^ for k — it follows that 


1 


dt 

00 

1 

r” dt 

1 

— _ 

I — ^ 


E 

— < 

— = 



j k-\ 

}k-i t^ 

k=n-t 1 


K 

n 


Hence, for all values of x, 

1 f(x) — 5„(a:) 1 ^ 2C/n. 

The right-hand member is independent of x, and ap- 
proaches zero as n becomes infinite. The fact that the 
remainder satisfies a relation of this sort is expressed by 
saying that the series is uniformly convergent : 

The Fourier series for a broken-line function (of the 
type specified) converges uniformly to the function for all 
values of x. 

A similar statement holds on the basis of §§6 and 10 
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for a periodic function which has a continuous second 
derivative everywhere. A proof of uniform convergence 
under more general hypotheses will be given in §21. 

The discussion of the present section of course ap- 
plies in particular to the cosine series (11) of §5, re- 
garded as the Fourier series for the function of period 
27r which is equal to |a:| for and justifies 

the statement made in §5 about the convergence of that 
series. 

12. Convergence at a point of discontinuity. The sine 
series (12) in §5 may similarly be regarded as the Fourier 
series for the discontinuous periodic function there de- 
scribed, and the proof of §10 establishes its convergence 
except for the isolated values of x at which the discon- 
tinuities occur. At these points, as noted in §5, the 
conyergence of the particular series in question is 
obvious, its sum being 0. The significant thing is that 
the series converges to the value half-way between the 
limits approached by the function as the discontinuity 
is approached from the right and from the left. It is to 
be shown that this behavior of the series at a finite jump 
is typical. 

Let f{x) be a function of period 27r, assumed for 
simplicity to be continuous except for a finite number of 
finite jumps in a period. Let/(x-f) and/(x-) denote 
the limits approached from the right and from the left 
at the point x, equal or different according as the point is 
one of continuity or of discontinuity. For given x let 

^ ^ ^ /(* + «)- fix +) 

(}>lW = , 

2 sin 

2 sin 
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being defined for «>0 and (^2 for « <0. Let it be sup- 
posed, for the sake of simplicity again rather than for 
the greatest generality, that each of the difference 
quotients 

[J{x + u) - f(x -f ) ]M [f(x + w) - f(x -) ]/m 


approaches a limit as u approaches zero through values 
having the appropriate algebraic sign, i.e. that the 
function equal to f{t) for t>x and equal to for 

t=x has a right-hand derivative at the point t = x, with 
a corresponding interpretation on the left. Then ^i(w) 
and 4>i{u) likewise approach limits for «=0, and if 
defined by their limiting values these are continuous 
except for a finite number of finite jumps throughout 
(0, tt) and (— tt, 0) respectively. 

The hypotheses on which (17) is based are fulfilled 
if 4> and are integrable over (0, x) and (j> is identically 
zero on the interval ( — x, 0). So if (i> is any function 
such that <j> and 4>^ are integrable over (0, x), 

lim I <j)(u) sin (n ^)u du = 0. 

A similar observation applies to the interval (— x, 0). 
Since the integrand in (21) is an even function of u, 



sin {n \)u 

— r: 

2 sin \u 



sin {n -b \)u r 

; du = — 

2 sin \u 2 


The integral in (20) may be regarded as the sum of 
integrals from — -x to 0 and from 0 to x. By steps 
analogous to those which led to (23) and (24), 


?/(* +) 



sin {n \)u 


du, 


2 sin \u 
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1 

-) = - /(* 
TT 


sin (n -h i)« 

■) du, 

2 sin hu 


Sn{x) 


4 [/(*+)+/(* -)1 

If' 

= — I sin (m + |)« 

IT Jo 

1 f ® 

“I I ^2(«) sin (« + ■^)m Jm. 

IT J„r 


Under the hypotheses imposed on /(ac) in the second 
paragraph of this section, each of the last two integrals 
approaches zero as n becomes infinite, and 

lim s«(a:) = i[f(x -{■) + f(x -)]. 

The series converges to the mean of the limits approached 
by f{x) from the right and from the left. 

In consequence of a well known theorem of the 
theory of functions, the series can not converge uni- 
formly in the neighborhood of a point of discontinuity. 
A striking peculiarity of the manner of convergence of 
the partial sums near a finite jump, involving, from the 
point of view of graphical representation, a careful dis- 
tinction between variation of the ordinate for a fixed 
value or fixed interval of values of x, as n increases, and 
variation of the whole curve as a geometric figure in two 
dimensions, is known as the Gibhs phenomenon.* 

13. Sufficiency of conditions relating to a restricted 
neighborhood. A further conclusion of a high degree of 
generality can be deduced from (24). 

*See e.g. BAcher, pp. 123-132; Zygmund, pp. 179-181. (Here 
and subsequently, when references are given in abbreviated form, de- 
tails are to be supplied from the Bibliography at the end of the book.) 
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lifit) and [f{t)]^ are integrable over a period, and if 
there is an interval (x — h, x-{-h) throughout which /(/) 
vanishes identically, then <f>{u) and Y are integrable 
from — TT to TT, since the numerator of is identically 
zero throughout the neighborhood of the point where 
the denominator vanishes. So lim„..» 5n(a:) =/(Af) = 0. 

Let fi(t) and fi{t) be two functions, each integrable 
with its square over a period, and let these functions be 
identically equal to each other throughout an interval 
(x — h, x-\-h). Let 5ni(ic) and be the values of the 

partial sums of the Fourier series for /i and /a respec- 
tively at the point x. Then 5ni(a;) — 5na(3c) is the partial 
sum of the series for/i— /a, and since this approaches 
zero, by the preceding paragraph, it follows that if one 
of the sums Snzix) approaches a limit, the other 

approaches the same limit, regardless of differences be- 
tween the functions fi and /a outside the interval 
(x — k,x-{-h). The conclusion can be expressed by saying 
that (subject to the condition that the functions and 
their squares are integrable over a period) the con- 
vergence of the Fourier series for a function at a specified 
point depends only on the behavior of the function in the 
neighborhood of the point. The hypothesis of integrability 
of the squares can be dispensed with if Riemann’s 
theorem of §7, on which the demonstration is based, is 
used in the more general form. 

14. Weierstrass’s theorem on trigonometric approx- 
imation. By a trigonometric sum is meant an expression 
of the form 

oca 

h «i cos ic -h aa cos 2x ■ -|- «» cos nx 

2 

-f j3i sin rc -h /Sa sin 2 a: -f • • • -[- /3» sin nx, 
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with any constant coefficients jS*. This sum is said 
to be of the nth order if an and )9n are not both zero. 
In many connections it is immaterial whether the terms 
in cos nx and sin nx are actually present or not, and the 
designation “trigonometric sum of the nth. order” may 
then be used for brevity to mean a sum of the «th order 
at most. 

A theorem of Weiers trass* states that any continuous 
function fix) of period It can be uniformly approximated 
by a trigonometric sum with any preassigned degree of 
accuracy. That is to say, if e is any positive quantity, 
there exists a trigonometric sum T{x) (of some order) 
such that 

(25) \f(x)-T(x)\<e 

for all values of x. 

If the Fourier series for /( 3 c) is uniformly convergent, 
the requirement of (25) is satisfied by taking for T{x) 
any partial sum of the series of sufficiently high order. 
It can be shown, however, that there are continuous 
functions which have divergent Fourier series. While func- 
tions of this sort are complicated and artificial in struc- 
ture, and will not be illustrated here, Weierstrass’s 
theorem as stated derives significance from the fact 
that such functions exist. The sum T{x) given by the 
demonstration of the theorem will not be merely a 
partial sum of the Fourier series for/(:r). 

Let f{x) then be a function of period In which is 
continuous everywhere, but not subject to any other 
restriction. Let e be an arbitrary positive number. Let 
the interval (— tt, tt) be divided into m parts, for sim- 

* K. Weierstrass, Uber die analytische Darstellbarkeit sogenannter 
vnUkurlicher Functionen einer reellen Verdnderlichen, zweite Mitthei- 
lung, Berliner Sitzungsberichte, 1885, pp. 78S^805. 
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plicity equal, by points xi, Xi, - with xo— — t, 

Xm—Tr: Xj = Let g(x) be the broken-line 
function of period 2x which takes on the same value as 
f{x) at each of the points Xj, and is linear in each interval 
(xj, Xi+i). It is clear that can be made to differ 
from/(jii:) by less than any preassigned amount by taking 
m sufficiently large. (This is an immediate consequence 
of fundamental properties of continuous functions, and 
may be regarded as obvious if the word continuous is 
taken as descriptive and self-explanatory rather than a 
matter of formal definition.) In particular it is possible 
to take m so large that 

(26) I f{x) - g(a:) I < y 

for all values of x. Let such a value of m be chosen and 
henceforth regarded as fixed, the function g(x) being 
defined accordingly. 

By §11 the Fourier series for g(A:) is uniformly con- 
vergent. Let tn(x) be the partial sum of this series 
through terms of the »th order. The uniform con- 
vergence means that if n is sufficiently large 

(27) I g(a:) - Uix) I < §€ 

for all X. When any such value is assigned to n, 

I f(x) - tn(x) I < €, 

by combination of (26) and (27), and tn{x) will serve as 
the sum T(x) in (25). 

15. Least-square property, Let/(ac) be any integrable 
function with integrable square on the interval ( — ir, x), 
and let Sn(x) as in (14) be the partial sum of its Fourier 
series. Let f(x)~Sn(,x) =r nix). From the equations 
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cos kxdx — vCk 


= J Sn(x) COS kx dx, 

^ — 0, 1, , r«, 


and the corresponding pair involving 6* and sin kx it 
follows that 


(28) /: rn(x) cos kxdx = J fnix) si 


sin kxdx = 0 


for k^n. Let 


OiQ Tl^ 

tn(x) = f- 2] (“*= COS kx + pk sin kx) 

2 fc=i 

be an arbitrary trigonometric sum of the nth (or lower) 
order, and let tn{x)—Sn(x)=pn{x), ak—ak^jk, ^k — bk 
= 8k, so that 

To ^ 

Pnix) = 1- 2^ (t* cos kx 4- 8k sin kx), 

2 k=i 

fix) -'tnix) = uix) - pnix). 

As a consequence of (28). 

j rn(x)p„ix)dx = 0 , 

while 

2 

r'[p.wfi*=4+’^E(Yi+4 

-r 2 *=^1 


which is positive unless all the y’s and 5’s are zero. So, 
if tnix) is any trigonometric sum of the «th order at 
most, other than Snix), 
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J [f(x) - tn(x)Ydx = j [rn{x) - Pn{x)]Hx 

- j* [rn{x)]Hx - 2 J* rn{x)pn{x)dx 

+ J* [Pn(«) Ydx 

= J [fix) - S.(X) Ydx + J " [Pnix) ]HX 

> J [fix) — Snix)Ydx. 


Considered as an approximation' to fix), the partial sum 
Snix) of the Fourier series is distinguished among all 
trigonometric sums of the nth order at most as the one for 
which the integral of the square of the error is a minimum. 
The same conclusion is indicated by regarding 



[fix) — tnix)Ydx 


for arbitrary /„(x) as a function of the 2» + l variables 
ak, jSfc, and setting its partial derivatives with respect 
to these variables equal to zero; but this procedure, 
unless supplemented by additional reasoning, naturally 
establishes only the necessity of the conditions ock=ak, 
^k — hk for a minimum, not their sufficiency. 

16 . Parseval’s theorem. Let fix) again be a continu- 
ous function of period lir, otherwise unrestricted, and 
the partial sum of its Fourier series. Let ij be an 
arbitrary oositive number. Arrnrding to §7, 
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(29) 


2 


r [J{x)fdx- 


irao 

~T 





J* [/(af) - J„(a:)]2j3c. 


Let e= [t)/(2'jr)]^/^ By §14 there exists a trigonometric 
sum tn{x), of some order n, such that [/(^c) ”/n(3c) j <e, 
which makes 



-T 


— tnix)Ydx < — ri; 


and by §15, applied to the partial sum of corresponding 
index, 


j ~ sJx)Ydx ^ J* [J{x) — tn{x)Ydx. 

So for every positive 7} there exists an n such that the 
difference in the left-hand member of (29) is less than 
7j. If this is true for a particular n it is true for every 
larger n, since the terms of the summation are non- 
negative. The difference therefore approaches zero as n 
becomes infinite, which means that 

2 ce 

(30) T" + (<ifc + ftifc) = — r [f{x) ] dx. 

2 k=l IT J _T 

The convergence of the series was already apparent in 
§7, together with the fact that its sum is not greater 
than the quantity on the right; the additional fact now 
established is that the relation is an equality for every 
continuous /(x). 

This conclusion, or a broader one expressing the 
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validity of (30) under still more general hypotheses with 
regard tof(x), is known as ParsevaVs theorem. 

17. Summation of series. If «o+«i+M 2+ • • • is an 
arbitrary infinite series, let 

= Mo + + M2 + • • • + w„. 


Convergence means that 5a approaches a limit as n be- 
comes infinite. It can happen that the quantity 

ffn = (^0 + 5i -f- • • • + 5n-l)/?^i 

the average of the first n partial sums, approaches a 
limit even when the series does not converge. In the case 
of the series 

1 - 1 -b 1 - 1 -f • • • , 

for example, Sn takes on alternately the values 1 and 0, 
and does not approach a limit, while cr„ has the value | 
when n is even and the value l/(2n) when n is odd, 
and approaches the limit 5. If a-n does have a limit A, 
the series is said to be summable by the method of the first 
arithmetic mean to the value A. This notion of sum- 
mability is a generalization of that of convergence, in 
the sense that a series which is not convergent may be 
summable, as in the illustration just given, while a series 
which is convergent is always summable to the same value 
by the method of the first arithmetic mean. 

To prove the last statement, suppose that lim„..ao 5„ 
= .4, and let e be an arbitrary positive quantity. There 
is a number m such that |5„— .4| <^6 for all n'^m. The 
difference between (r„ and A can be written in the form 


= (50 + 5 i H- • • • "b — nA^fn 
1 

= — Z - ^)- 

n *=o 
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When n>m this is the same as 

1 1 

— S ~ — X) ~ 

71 jfcsaO ^ 

In each term of the second sum 1 5*— <|e, the num- 
ber of terms does not exceed n, and 

1 

2 Ufc — ^ 1 < 2« 

for all n>m. The first sum is independent of », the 
result of dividing it by n approaches zero when n be- 
comes infinite, and 


— £ - ^) < 2 « 
w *-.0 

if n is sufficiently large. So jo-n— .4j <e for all suffi- 
ciently large values of «, which means that lim„*eo Vn = ^ . 

If each term of the series is a bounded function of a 
variable x, the quantities Sk and cr„ and A also being 
then functions of x, and if the series is uniformly con- 
vergent, m can be taken independent of x, and the above 
proof then shows that the approach of to its limit is 
uniform. 

18. Fejer’s theorem for a continuous function. By a 
notable theorem due to Fejer,* the Fourier series for an 
arbitrary continuous function f(x') of period It is uni- 
formly summable by the method of the first arithmetic 
mean to the value f{x). This is a part of the content of a 
more general formulation which will not be discussed 
here. The theorem stated, like that of Weierstrass in 

* L. Fejfr, Untersuchungen iiber Fouriersche Feihen, Mathe- 
matische Annalen, vol. 58 (1904), pp. 51-69. 
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§ 14, draws its significance from the fact that the Fourier 
series itself may not be convergent. 

Let 5„(rK) be the partial sum of the series as usual, and 
let 

<Tn(x) = (l/«) 4- si(x) 4- ■ • . + 

By the use of (20) for the representation of 


1 

O-nC^) = 

nT J 


f(x + «) ’Pi 

; 23 4- ?)*< dll. 

2 sin hu fe=o 


Let the sum of sines in the integrand be multiplied by 
2 sin |m, and let the identity 

2 sin sin (k 4" = cos ku — cos {k 4* !)« 

be used in evaluating the result. It is found that 

n-l 

(31) 2 sin |«23 4- 1)«* = 1 — cos = 2 sin^ (|w«). 

k=0 


Consequently 
(32) anix) = 



sin^ 

du. 

2 sin^ 


From (18), 

sin (k + |)m = 2 sin ^m[|4-cos tt4-cos 2^4- • ■ • 4" cos ku], 

the expression in brackets being understood to reduce 
to the single term \ for /fe=0. By writing this relation 
for k = 0, 1, • • • , n — l successively and adding it is seen 


that 


( 33 ) 


^ sin (^+|)w 


it=0 


= 2 sin 


n 

— 4-(«~l) cosm 4- • ■ • 4'Cos(w— 1 )m 
. 2 
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By combination of (31) and (33), 
n 


sin* 


2 sin* |w 2 


+ (» — 1) cos M + • • • + cos (» — l)w, 


whence 


(34) 



sin* ^nu 

du 

2 sin* §« 



n 

— du = 
2 


1 , 


a fact which can also be deduced immediately from (32) 
by noting that each partial sum of the Fourier series for 
a constant reduces identically to that constant, and the 
same is true therefore of the arithmetic mean of any 
number of such partial sums. 

An important property of on which the gen- 

erality of its convergence depends, is a consequence of 
the fact that the trigonometric fraction in the integrand 
of (32), unlike the corresponding factor in (20), is every- 
where non-negative. If M is the maximum of |/(x)[ (or 
an upper bound for \f{x) | , if f{x) is bounded without 
being continuous) 


»(^) ^ 



sin* hnu 

—du, 

2 sin* 


which means in consequence of (34) that 
(35) 1 ffn{x) I ^ M 


for all values of « and x. A corresponding calculation 
based on (20) would be complicated by the necessity of 
replacing the fraction by its absolute value (see §20 
below). 

Let it be assumed now that f(x) is of period 2t and 
continuous. Let e be an arbitrary positive quantity. Let 
g(x) be a broken-line function constructed as in §14 
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to approximate /(«), but with ^6 instead of fe as upper 
bound for the difference, so that 

I /(«) “ g(x) I < le. 

The quantity fix)—g{x) being denoted by h(x), let 
arithmetic means corresponding to crn(x) be formed for 
the functions g(x) and h(x), and let these means be 
denoted by crni(x) and <rn 2 (ic) respectively. Then f(x) 
=g(x)+h(x), (r„(x)=(r„i(x)+(r„2(x), and 

f(x) - <r„(a;) = [g(a:) - (r„i(a;)] + [A(a:) - ffnzix)]. 

By (35), as applied to h{x) and <rn2(x), 

1 (^nzix) 1 < ie, 1 h(x) — (Tniix) [ < |c, 

for all n and all x. By §11 the Fourier series for g{x) 
is uniformly convergent to the value g(x); by §17, 
therefore, crniix) approaches uniformly, and 

1 g{x) — cr„i(a;) ] < 

everywhere, if n is large enough. Consequently, for n 
sufficiently large, 

I f(x) — CTnix) I < € 

for all values of x. 

19. Proof of Weierstrass’s theorem by means of de 
la Vallee Poussin’s integral. An alternative proof of 
Weierstrass’s theorem which is of interest in itself, and 
can also be made to give additional information about 
the convergence of Fourier series, is based on an integral 
formula due to de la Vallee Poussin.* 

* C. de la Vall6e Poussin, Sur I' approximation des fonctions d'une 
variable rSelle et de lews derivies par des polyndmes et des suites limitees 
de Fourier, Bulletins de I’Acad^mie Royale de Belgique, Classe des 
Sciences, 1908, pp. 193-254; pp. 227-238. 
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Let f{x) be a continuous junction of period In. The 
formula is 

1 r 

(36) FflCa:) = I f{x + 2m) cos^” m du, 

3nJ-Tl2 

in which if* is a constant defined by 

/ x/2 p x/2 

cos^" udu = 2 I cos®" M du. 

-r/2 d 0 

The function Fn(jc) is a trigonometric sum in x, of the 
nth order at most. This may be seen as follows. Let the 
variable of integration in (36) be changed by the substi- 
tution ic-l-2M = In the new integrand, /(/) has the period 
It. The same is true of cos®" increase of t by 

2t reverses the algebraic sign of cos ^{t—x), but leaves 
any even power of it unchanged. So the interval of 
integration with respect to t can be taken as (— tt, tt) 
instead of (x—ir, 3c-l-7r): 

^n(^) = f M cos®" (- ^ dt. 

Since cos® |M = §(l-j-cos m), the function cos®" |m can 
be written in the form 2“" (l-fcos m)". This is a cosine 
sum of the wth order in u (the phrase cosine sum being 
used for brevity to mean trigonometric sum involving 
only cosines). For it follows from the identity 

cos px cos qx = I cos {p q)x -b \ cos {p - q)x 

that the product of a cosine sum of order and a 
cosine sum of order n^ is a cosine sum of order «i+« 2 > 
and hence by induction that the successive powers of 
1+cos u are cosine sums of corresponding order. So 
cos®" \{t—x) is a cosine sum of the nth order mt — x. By 
means of the representation 
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cos k{t — x) = cos kt cos kx -h sin kt sin kx 

for each value of k the cosine sum in t—x can be written 
as a trigonometric sum of the »th order in x, with 
coi fficients which are functions of t. The last description 
applies also to the product /(/) cos*" f(/— ic). So Vn{x) 
is a trigonometric sum in x of the nth. order at most, 
with constant coefficients 

This fact being established, further discussion will 
be based on the original formula (36). Multiplication of 

(37) hy fix)/ Hn, which is independent of the variable 
of integration, gives 

1 r 

f(x) = — I /(*) cos*" u du. 

HnJ -r 12 

By subtraction of this from (36), 

1 C 

F„(a;) — fix) = I [fix + 2«) — /(a:)] cos*" u du. 

Hn*J -Tc 12 

Let fix) be subjected to the additional restriction that 

(38) 1 fix/} - fix/) I ^ X I a :2 - .ri 1 


for all iCi and X being a constant. Then 
\fix+ 2u) — fix) 1 ^ 2X I « 1 , 


Since 
d / u 


d / u \ 
du \sin u) 



2X i 


- M 1 

= -/7 

1 1 

Hn ’J 

-rjZ 


4X / 

7r/2 


— j 

1 U COS' 


hJ 

0 

sin u — 

ti cos u 

COS u 

sin 

u 

sin* u 


(tan u — m) > 0 
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for 0<tt<T/2, the function «/sin u increases through- 
out this interval, and 


( 39 ) 


« ir/2 V 

^ » 

sin« sin (ir/2) 2 


V 

u % — sin «. 
2 


(The derivative is obviously positive also for ir/2 ^u<-k, 
since sin u is positive and ( — « cos u) is non-negative 
there.) So 


. . 2X7r 

( 40 ) I F„(jc) — /(») ! ^ — I sin u cos®" u du. 

HnJ 0 


Let the last integral be denoted by An. It can of 
course be evaluated explicitly at a single stroke, but 
the requisite comparison of its magnitude with that of 
Hn can be obtained more readily by a different pro- 
cedure. 

If gi(ji:) and gi{x) are any two functions such that 
and gi? as well as gi and ga are integrable over an 
interval (a, b), and if /i is a parameter, the integral 



[gi(i>j) - ligiix)Ydx 


is non-negative for all real values of ju. So the quadratic 
equation in y. obtained by setting the integral equal to 0 
can not have distinct real roots, and its discriminant 
must be negative or zero, i.e. 



* 2 ph ph 

ii{x)ga(x)dx [giix)]^dx J [g 2 (a:) pdj;. 


This general relation is known as Schwarz's inequality * 

* The name is applied also to other relations of essentially the 
same form, for example those obtained by application of similar 
reasoning to double or multiple integrals. 
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It will be useful here, and on more than one occasion in 
a later chapter. 

Let the integrand in h be regarded as the product 
of the factors sin u cos” u and cos” u. By Schwarz’s 
inequality, 

2 « t /2 ^ r /2 

hn S I sin^ « cos^" « du | cos*” u au. 


The second integral on the right is equal to Let 
K denote the other. Integration by parts with factors 
sin u and sin u cos*” u du gives 


r . 2n+l •jT/2 

kn-" -sm^^cos U\ • 

2n+l » ■ 2w+l 


-f 

■(■I j 0 


»/2 


2b+2 

cos u du 




the last inequality resulting from the fact that cos*”+*m 
< cos*” u throughout the interior of the interval of 
integration. So 


hi < Hl/{Sn), h. < < \Ejn'\ 


By combination of this with (40), since h^ denotes the 
value of the integral in (40), 

(41) 1 Vn{x) - fix) I ^ \ir/n^iK 

From (41) it follows that Fn(x) approaches /(3;) uni- 
formly as n becomes infinite. This to be sure is under 
the hypothesis that fix) satisfies the supplementary 
condition (38). But if fix) is an arbitrary continuous 
function of period 2t, and if a broken-line function gix) 
is constructed as in § 14 to differ from/(:r) by less than 

this broken-line function satisfies a condition of the 
form (38); the trigonometric sum defined by substi- 
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tuting g(x+2u) iorf{x-{-2u) in (36) differs from g(x) by 
less than Je when n is sufficiently large, and then differs 
from f{x) by less than e. Thus another proof of Weier- 
strass's theorem is obtained. 

It would have been almost as easy to give the proof 
by showing that the sum Fn(ic) defined by (36) for the 
original f{x) converges uniformly toward f{x) , without 
any hypothesis on f{x) beyond those of continuity and 
periodicity. The purpose of this section however is not 
merely to demonstrate again a theorem which has al- 
ready been proved, but to derive for use in §21 the 
specific inequality given by (41) for the order of magni- 
tude of the error, in the case of a function f{x) which 
satisfies (38). 


20. The Lebesgue constants. Let f{x) be any func- 
tion which is bounded and integrable over (— ^, tt). Let 
M be an upper bound for its absolute value, i. e. a 
constant such that |/(a;)j %M for — Then, 
from (20), 

(42) I 5„(x) I S 

throughout the interval, if 


(43) 


X„ 



sin (« + |)w 
2 sin \u 


du 


sin (» -b |)m 
2 sin \u 


du. 


The quantities X„ (which are independent of f{x) ) are 
called the Lebesgue constants of the Fourier series. They 
do not remain finite as n becomes infinite, and (42) is 
therefore a materially less simple relation than the 
inequality (35) for (r„(x). The fact that lim„,„ X„= « 
will not be proved here. It will be shown on the other 
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hand that Xn does not become infinite faster than a quantity 
of the order of magnitude* of log n. 

Let the integral from 0 to tt in (43) be regarded as 
the sum of integrals extended from 0 to l/» and from 
1/w to T. By (18), since |cos ku\ ^1 for each 


sin (« + !)« 
2 sin \u 




for all values of u. Application of this inequality in the 
interval (0, l/«) gives 


L 


sin (n + h)u 1 1 

+ = 1+- 


2 sin hu 


n 


2n 


In the other interval [sin {n-\-\)u\ and by (39), 
with u replaced by \u (which does not exceed ^tt). 


sin \u ^ w/tt, 1/sin \u ^ t/«; 


the last relations of course become equalities for w = t. 
So 


/. 


sin (« + \)u 


du 


IT r'^ du TT 

^ — I — = — (log ’T + log n). 

2 Ifn ^ 2 


i/„ 2 sin 

Hence 

2 / 

Xn ^ log « + log IT 4 11 + 

TT \ 

When w^2, 1 ^log »/log 2, and 

2 / 1\ 25 

log TT d 1 1 + — ) ^ log T d 

TT \ 2n/ TT 4 


a- 


/ 5 \ log « 


* See H. Lebesgue, Sur les inligrales singuliires, Annales de la 
Facult6 de Toulouse, (3), vol. 1 (1909), pp. 25-117; pp. 116-117. 
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if the constant {log x+[5/(27r)]}/log 2 in the last 
member is denoted by C—1, 

X« ^ C log n 

for n^-2. 

It follows further, since |5n(«;)| ^Xn-^ and [/(*)[ 
^ M, that when » ^ 2 

I /(i*:) - •JnC^) 1 log ft) gM (log «/log 2 +C log ») , 

or, if C' denotes the constant (1/log 2) + C, 

(44) 1 /(x) - Snix) 1 g C'M log n. 

21. Proof of uniform convergence by the method of 
Lebesgue. If Tn(x) is a trigonometric sum of the »th 
order,* 


CKO 

Tn(x) h 22(<Xk cos kx + fik sin kx), 

2 *=i 

and if this function is expanded in a Fourier series, it is 
found at once that the coefficients a*, in the expan- 
sion are the same as a*, jS* respectively for kgn, and 
are zero for k>n. A trigonometric sum is its own Fourier 
series. The corresponding partial sum 5n(5c) is identical 
with Tnix). 

Let fix) be a function of period 27r, for simplicity 
continuous, and suppose that a trigonometric sum 
Tn{x) of the »th order and a number €» are such' that 

(45) 1 fix) - T.(x) I S 

for all X. Let f(x) — Tnix)=rnix), and let 5ni(ic) be the 
partial sum of the »th order in the Fourier series for 

In this section a “trigonometric sum of the »th order” will be 
understood to be one of the nth order at »»os<; the possibility that 
is not excluded. 
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fnix) , while Sn{x) is now the partial sum of the series for 
f{x); as noted above, the corresponding partial sum in 
the case of Tn(x) is Tn(x) itself. Then, as f(x) =rn(x) 
d-T’nC^), and the partial sum of the series for a sum of 
two functions is obtained by adding the partial sums 
of the series formed for the two functions separately, 

and 


fix) ~ Snix) = fnix) - Snlix). 

Thus the error of Snix) as an approximation to fix) is 
the same as that of 5ni(jr) with respect to r^ix), in conse- 
quence of the fact that the corresponding approximation 
to Tnix) involves no error at all; and r^ix) may be a 
function which is small everywhere. This simple ob- 
servation, taken with the results of the preceding Sec- 
tion, as was pointed out by Lebesgue,* leads to an 
effective method of proving convergence. 

It is to be noted that the constant C' in (44) is 
merely a number which can be calculated once for all, 
being not only independent of x and n, but independent 
also of the function /(x). By application of (44), with 
reference to (45), 

I r„(x) — 5„i(x) I ^ C'e„ log n, 

and the quantity on the right is an upper bound for 
|/(x) — ^n(^c)| at the same time : 

If fix) can he uniformly approximated by a trigo- 
nometric sum of the nth order with an error not exceeding 
€„, and if Snix) is the partial sum of the Fourier series for 
fix), 


* See second preceding footnote. 
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I f{x) ~ Sn(x) I s C'en log n 
for all values of x. 

Let it be supposed now that/(3c) satisfies (38). Then 
if the trigonometric sum F„(x) of §19 is taken as Tn{x), 
the relation (41) means that (45) is satisfied with 
€„=X7r/w^'^. In this case 

(46) 1 fix) — s„(x) 1 ^ C'Xtt log 

for all X, and log approaches zero as n becomes 

infinite. The particular form that has been obtained for 
the right-hand member is not ultimately significant; it 
can be shown by other methods that the series is in 
fact more rapidly convergent* than is apparent from 
(46). The reasoning as given, however, constitutes a 
proof that if f{x) is a function of period Itt such that 

I /(^a) - /(^i) 1 ^ X 1 a:2 - Xi 1 

for all xi and x^, X being a constant, its Fourier series con- 
verges uniformly to the value fix). 

This hypothesis is considerably more general than 
those under which uniform convergence was proved in 
§ 11 . 

Supplementary references (see Bibliography at end of book) : 
Zygmund; Carslaw; Lebesgue; Tonelli; Bdcher; Byerly; Churchill; 
Kellogg, pp. 355-359; Titchmarsh; Whittaker and Watson, Chapter 
IX; Hobson (1); Fejer; Courant-Hilbert; Riemann- Weber; P6lya- 
Szego; KaczmarZ'Steinhaus. 

* See H. Lebesgue, Sur la representation trigonometrique approchSe 
des fonctions satisfaisant d une condition de Lipschitz, Bulletin de la 
Soci^tS Mathgmatique de France, vol. 38 (1910), pp. 184-210; pp. 
199—202; D. Jackson, The Theory of Approximation, American 
Mathematical Society Colloquium Publications, vol. 11, New York 
1930, pp. 18-23. 
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1. Preliminary orientation. A type of series resem- 
bling Fourier series in many respects is one in which the 
sines and cosines are replaced by certain polynomials, 
called Legendre polynomials. These can be defined in a 
variety of ways, and their principal properties are so 
interrelated that the arrangement of them in logical 
sequence admits a multiplicity of permutations. The 
order of exposition followed here for a rapid derivation 
of the principal facts is chosen rather for its conveni- 
ence front the point of view of the results to be obtained 
than for any obvious motivation of its steps in advance. 
One of the possible alternative arrangements will be 
found in the later chapters on orthogonal polynomials in 
general and Jacobi polynomials in particular, which 
include the Legendre polynomials as a special case. 


2. Definition of the Legendre polynomials by means 
of the generating function. Let 


(1) 


H{x, r) 


1 

(1 - 2xr-f 


As a function of r, this can be developed in a power 
series for sufficiently small values of the variable. Let 
the coefficients, which (except for the constant term) 
will depend on x, be denoted by Pn{x), « = 0, 1, 2, ■ • • , 
so that 


(2) H{x, r) = Po{x) + Pi{x)r -f- Pz{x)r^ + • • • . 

They can be calculated formally by setting y = 2xr — r^ 
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and substituting the expansions of the successive powers 
of 2xr — r^ in the binomial series for The first 

few coefficients are found to be 

Po(x) = 1, Pi{x) = X, P 2 (x) = U^x^ - 1), 
Psix) = |(5a:® — 3a:), P^ix) = j(35x* — 30a:® + 3). 

Certain general facts with regard to the functions 
Pnix) are immediately apparent. Each is a polynomial 
in X. Furthermore, Pnix) is of the wth degree. For the 
exponent of x never exceeds that of r in any term of 
the expansion of any power of y, and as ac” is associated 
with f" only in the initial term of the expansion of y” 
this term can not be cancelled by terms from any other 
source. The polynomials P^iix), Piix) Pzix), ■ • • , each 
of degree indicated by its subscript, are the Legendre poly- 
nomials. Since each term is of even degree in x and r 
together, even powers of x are associated only with even 
powers of r, and odd powers of x with odd powers of r; 
each polynomial Pnix) contains terms of even or of odd 
degree exclusively according as n is even or odd, and 

(3) Pni- X) ^ (~ 1)-P„(ic). 

For x = l, Hix, r) reduces to 

(1 - r)-^ = 1 + r + r® + • • • , 

so that P„(l) = l for each value of n. From (3) it fol- 
lows then that P„( — 1) = ( — 1)». 

The function Hix, r) is called a generating function 
for the Legendre polynomials. 

3. Recurrence formula. By explicit differentiation of 
Hix, r) it is seen that 

dS 

(4) (1 - Ixr -1- r®) ix- r)H = 0. 

dr 
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If the left-hand member of (4) is written as a power 
series in r by substitution of the representation (2) for 
H and the differentiated series 

-b lP^(^x)r + ^P^{x)r'^ +■■■ 

for dH/ dr, the coefficient of r” must be zero for each n 
and for all values of x. The vanishing of this coefficient 
is expressed by the identity 

(5) (» + l)P„+i(^) - (2» + l)a:P„(:r) + nPn-i(x) = 0. 

This is a relation of recurrence connecting any three suc- 
cessive Legendre polynomials. It can be used for the 
explicit calculation of Psfjc), Ptix), • • • when the first 
two polynomials Po(af) = 1, Pi(ic) =x are known, and will 
be further applied in a variety of ways. Combined with 
the initial determination of Po and Pi, it serves inci- 
dentally to verify the observations of the preceding 
section that the exponents of the powers of x appearing 
in Pnfjc) are all even or all odd and that Pn{l) = 1. 

Let An denote the leading coefficient, i. e. the co- 
efficient of x*^, in Pn(x) for each value of n. Then the 
coefficient of in the left member of (5) is {n-\-\)An^i 
— (2«-f-l)^n. Since this must vanish, 

2«-l- 1 

(6) ^„+i=— — 

» -f 1 

With the value .4o = l for a beginning, successive sub- 
stitutions in this formula give ^i = 1, .42 = 3/2, vl 3 = 5/2, 
and in general, by induction, 

3 5 7 (2w - 1) 

An = 1 

2 3 4 n 

( 7 ) 

_ 1-3-5 • • • (2» - 1) 
n\ 
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(The relation (5) holds for « = 0 as well as for positive 
n, if 0-P_i(») is interpreted as having the value 0, and 
the derivation of (6) from (5) can therefore ‘be regarded 
as valid for ?i==0 likewise.) 

4. Differential equation and related formulas. By 

differentiation of (1) with respect to x, 

dH 

(8) (1 ~ Ixr r^) rH = 0. 

dx 


Comparison of (4) with (8) (or of the explicit formulas 
for dH/dr and dH/dx) gives the simpler relation 


(9) 


dH dH 

r (x — r) == 0. 

d'i dx 


By equating to zero the coefficient of r" in the power 
series for the left-hand member of (9) it is found that 

(10) nPn(x) — xPn(x) -f- Pn-l(x) = 0. 


Still another partial differential equation satisfied 
by is 

d dH 

(11) r-(rfl)-(l-fi) — = 0; 

dr dx 


this is obtained by writing r{d/dr){rH) =^r{rdH/dr-\-H) 
and substituting the alternative expressions for rdHfdr 
and rH given by (9) and (8) respectively. Representa- 
tion by power series in (11) gives for the vanishing of 
the coefficient of r" 

(12) nP^_^{x) - {x) -f xPU{x) = 0, 

and for the coefficient of (obtained by substitution 
of n-j-l for n in the preceding) 
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(13) (n + 1)PM - A+i(^) + xPri (x) = 0. 

These identities are of secondary interest in them- 
selves; combination of them leads to others which are 
of greater importance. 

By addition of (10) and (13) and transposition of 
terms, 

(14) PU,ix) - P:.,{x) = (2n -f l)P.{x). 

A still more important relation is obtained by elimi- 
nating Pn-i(x) and Pn -lix) between (10) and (12). This 
can be accomplished by substituting in (12) the value 
of P,n-.i(x) given by (10), differentiating, and substitut- 
ing from (10) again for the Pn-i(x) introduced by the 
differentiation. An alternative formulation of the pro- 
cedure consists in representing the left-hand members of 
(10) and (12) by i‘i(x) and$ 2 (^) respectively, and equat- 
ing to zero the expression 

d 

— (x$i-4>2) + «<^i. 
dx 


The result is 

(15) (1 - x^)PP{x) - 2xPl{x) + n{n -f l)P„(.r) = 0. 

The Legendre polynomial P„(x) satisfies this linear homo- 
geneous differential equation. 

From the point of view of demonstration it is not 
necessary for the justification of the above steps to refer 
to theorems on the differentiation of infinite series as 
such; the reasoning can be based on the definition of 
the various coefficients by the values of the appropriate 
derivatives for r = 0, in accordance with the usual rule 
for setting up a Maclaurin series. 
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S. Orthogonali^. Let ~ Pm(*) , yv. = Pn(«) . Let the 
differential equations (15) satisfied by y„ and y„ be 
multiplied by yn and y-m. respectively: 

y„[(l - x^)yZ' - 2xyJ + fn(m+ i)ym] = 0, 

3'm[(l - x^)y^' - 2xyl + n{n + l)y„] = 0. 


(16) 


Let w—ymyn—ynym\ then dwldx — ym'yn—yn'ym, and 
the result of subtracting one of the equations (16) from 
the other can be written in the form 

d r 

(1 — x‘‘)w' — 2xw = — [(1 "■ x^)‘w] 

dx 

= [n{n + 1 ) - mim + ^)]ymyn. 

Consequently, by integration from —1 to 1, 


[(1 


+ 1) “ J* 


The expression in brackets on the left vanishes for 
a:= + 1. The bracket on the right is not zero if the non- 
negative integers m and n are distinct from each other; 
if «>w, then n{n-\-\)>m{m-{-\), and vice versa. There- 
fore 


( 17 ) 




Fm{x)Pn{x)dx = 0 


if mv^n. Any two Legendre polynomials of different de- 
grees are orthogonal to each other over the interval ( — 1 , 1). 

Since Pn{x) contains jc” with a non-vanishing coeffi- 
cient for each value of w, the identities expressing the 
Legendre polynomials in terms of powers of x can be 
successively solved for the latter. Each power of x can 
be expressed in terms of Legendre polynomials, and 
any polynomial of the »th degree can be expressed as a 
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linear combination of Fq(x), Pi(x), • • • , Pnix) with con- 
stant coefficients. It follows from (17) therefore that 
Pnix) is orthogonal over the interval ( — 1, 1) to every poly- 
nomial of lower degree; if q(x) is any such polynomial, 

J Pn(x)q(x)dx = 0. 

Explicitly, the representations of the first few powers 
of X in terms of the P’s are found to be 

1 = Po{x), X = P^ix), x^ = lP,(x) -f iPoix), 
= iPz{x) -f %P^{x), 
x^ = ^[SP 4 {x) + 20Pi(x) -f 7Pfl(^)]. 

6. Normalizing factor. When m = n the integral in 
(17) is certainly not zero, since the integrand is non- 
negative and in general different from zero. Let 

Cn ^ j\Pnix)Ydx. 

The leading coefficients in Pn{x) and Pn-i(x) being de- 
noted by An and A^-i respectively, in accordance with 
the notation of §3, the combination 

Pnix) - iAn/An~l)xPn-lix) 

contains no term in x”, and is a polynomial qix) of 
lower degree, orthogonal to P„(x). Then 

Pn(x) = (A„/A„-i)xPn^i(x) -h q(x), 

Cn = f P„(x)l(An/An-i)xP„^i(x) + q(x)]dx 
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By the recurrence formula (5), 

2 » + 1 2^+1 
and Pn+i(x) is orthogonal to P„_i(jc), Hence 
n A„ 


a = 


2n + 


r [p„_i(a;)]2da 

1 An-l*^—l 


2» + 1 -dn-l 


•C„ 


By (6), with n replaced by n — 1, A„ = (2n~-l)A„-i/n, 
which makes 

2 » - 1 

Cfi “ ' ~ ' ^n— 1" 

2» 4- 1 

Since Co = 2, by explicit evaluation of the integral, it 
follows that Cl = 2/3, C 2 = 2/5, and by induction 


(18) ^ f 


-4" 1 


The polynomial pn(x) = [(2w4- 1)/2 , in which 

the constant factor is determined so that 


J [pv.{x)]Hx = 1, 


is the normalized Legendre polynomial of the wth degree. 
The introduction of the normalized polynomials is con- 
venient for some purposes as a matter of notation. The 
discussion will be carried on for the present, however, 
in terms of the polynomials Pn{x) as originally defined. 

It is an almost immediate consequence of the prop- 
erty of orthogonality that the roots of the equation 
Pn{x) — 0 are all real, all distinct, and all interior to the 
interval ( — 1, 1), The proof is omitted here, to be given 
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later under conditions of more general applicability (see 
Chapter VII, §8). 

7. Expansion of an arbitrary function in series. On 
the basis of the facts now available an arbitrary func- 
tion defined on the interval ( — 1, 1) can be formally 
expanded in a series of Legendre polynomials. The re- 
semblance to Fourier series is already apparent in the 
manner of determination of the coefficients. If the ex- 
pansion is 

(19) f(x) = aoPoix) -f aiPi(x) + azPiix) + • • • , 

let this be multiplied by Pn(x) and integrated term by 
term from — 1 to 1, on the assumption that the series is 
such that the indicated process is legitimate. Each 
integral on the right is zero, because of the orthogonality 
of the P’s, except the one containing P*®, and when this 
integral is evaluated by means of (18) the whole right- 
hand member reduces to 2a*/(2^-f-l). So the general 
coefficient in the series is given by 

2k + 1 

(20) ak= J f{x)P,{x)dx. 

As in the case of Fourier series, a set of coefficients 
can be defined for any function which is integrable over 
the interval, without any further assumption a priori, 
and the series thus obtained can then be examined with 
regard to its convergence and its validity as a repre- 
sentation of the function. 

If f{x) is itself a pol>Tiomial T„(ic) of the «th (or 
lower) degree, it is known already that a representa- 
tion of the form (19) exists with a finite sum instead of 
an infinite series on the right-hand side. The derivation 
of (20) amounts in this case to a definitive proof of that 
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formula, as far as values of are concerned, without 
question of convergence, while the formula auto- 
matically gives ai: = 0 for k>n. The coefficients in the 
last lines of §5 can be checked by explicit substitution 
in (20) off{x) = l, X, ■ • • , X*. 

8. Christoffel’s identity. Let 5 „(j£:) denote the partial 
sum of the series for an arbitrary /(jc) through terms of 
the nth degree : 

(21) Sn{x) = aoPoix) -f aiPiix) + • • ■ + a^Pnix). 

If (20) is written with t instead of x as variable of inte- 
gration, the formulas for the coefficients can be sub- 
stituted explicitly in (21) to give 

(22) Sn(x) = J f{t)Kn(x, t)dt, 

with 

n 2k 1 

K„{x, t) = x) = —;—Pk(i)Pk(x). 

k=0 2 

The derivation of a formula corresponding to (19) of 
Chapter I depends on an identity for the evaluation of 
Kn(x, t). 

From the recurrence formula (5), with replacement 
of n by k, transposition of terms, and multiplication by 

{Ik -h \)xP,{t)P^{x) 

= ik+ l)P,(t)P,^,ix) + kPk(t)Pk-t{x). 

This holds in particular for ^ =0, if F*-i(jc) is arbitrarily 
defined in any way whatever so that 0-P_i=0; for 
definiteness let P-i(x)=0. By subtraction of (23) from 
the corresponding identity with t and x interchanged, 
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{2k + !)(/ - x)Pk{t)Pk{x) 

= {k+ l)[Pk+i{t)P,(x) - Pk(t)Pk+iix)] 
- k[Pk{t)Pk-i{x) - Pk-lit)Pk(x)]. 

Summation over the values ^ = 0, 1, • • • , w gives 

= (w + 1) - P„(/)P„+i(a;) ], 

« + 1 P„+i(^)P„(^i;) - P„(0P„+i(a:) 


This is known as Christoff eVs identity* By substitution 
in (22) 


(24) s,,{x) = 


n \ r ^ . Pn+lii)Pn{x) Pn{i')Pn+l{x') 

”7“ ; dt. 

2 J -I t — X 


If j{x) is in particular a polynomial 7r„(x) of the wth 
or lower degree, ^n(3c) is identical with 7r„(:r), according 
to the last paragraph of the preceding section, and (24) 
holds with ^n(:x:) replaced by 7r„(x) and f{t) replaced by 
Tn(0' More particularly still, for/(j£;) =1, 5n(3:) = 1 for all 
n, and 


n+l P„+i(0P„(a:) - PMPn+iix) ^ 

I dt = 1 

2 J_i t — X 


9. Solution of the differential equation. Let an ex- 
pression of the form 

(26) y ~ ^0 ”1” CiX -j- c^x^ 


* E. B. Christoffel, fiber die Gaussische Quadratur und eine 
Verallgenteinerung derselbetiy Journal fiir die reine und angewandte 
Mathematik, vol. 55 (1858), pp. 61-82; p. 73. 
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be assumed in an application of the method of unde- 
termined coefficients to the solution of the differential 
equation 

(27) (1 - x^)y" - 2xy -b n{n + \)y = 0; 

the purpose is to make clear, for reference in connec- 
tion with the proof of the next section, the extent to 
which the Legendre polynomials are characterized and 
identified by the fact that they satisfy (15). Substitu- 
tion of (26) in the left member of (27) gives 

{k -{- 2)(^ -f- l)cjfc+2 ~ [kik -i” 1) w(w "b l)]cfc 

as the coefficient of x*. The equation is formally satisfied 
if and only if 

kik -b 1) - ,»(» + 1) 

= “7;rri)(iT2) 

Arbitrary values can be assigned to co and ci, and the 
rest of the c’s are then successively determined, each 
being a determinate multiple of co or Ci according as the 
subscript is even or odd. 

If » is a non-negative integer c*+2 = 0 when k=n, and 
it follows that c«+2,-=0 for all positive integral values of 
j. For non-negative n and k the expression ^(^-bl) 
— »(w-bl) is different from zero when kr^n, being nega- 
tive if k<n and positive if ^>w. If « is even there are 
only a finite number of coefficients with even index 
which do not vanish, while all the coefficients of odd 
index are different from zero unless Ci = 0. The differ- 
ential equation, considered on its own merits, is seen to 
have a polynomial solution, and apart from the arbitrary 
constant factor Co has just one such solution ; whatever 
questions of convergence may remain with regard to the 
infinite series obtained, the reasoning is conclusive with- 
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out further analysis as far as polynomials are concerned. 
Similarly there is a polynomial solution for odd n, unique 
except for an arbitrary constant factor ci. The Legendre 
polynomial is known to be a solution for each n. If y 
is a polynomial in x which satisfies the differential equa- 
tion (27), it must he a constant multiple of Pn{x). 

10. Rodrigues’s formula. It is to be shown that 

(28) P„(^) = f {x^ - D". 

2"«! dx'^ 

This is Rodrigues's formula. The right-hand member, 
being the »th derivative of a polynomial of degree 2n, is 
itself a polynomial of the nth degree. It will be shown 
that this polynomial is a solution of (27). A supplemen- 
tary calculation will then determine the constant factor. 

Let z = {x^—\Y. Then z' ~dzldx = 2nx{x'^ — \Y~^, so 
that 

(29) - l)z' - 2nxz = 0. 

By repeated differentiation of this equation 

(ic^ — l)z" — (2n — 2)xz' — 2nz — 0, 
(a:^ — l)z'" — {In — 4)a:z" — [2n (2n — 2)]z' = 0, 

and as a result of fe-M differentiations of (29) 

(ic 2 - l)z(*+ 2 ) _ (2n-lk- 2)xz(*+’) 

(30) r 

- [2n-h(2n-2)-l-(2n-4)-l -|-(2«-2ife)]z(*)=0. 

It would be easy, but is unnecessary for the present 
purpose, to write a general formula for the sum of the 
arithmetic progression in the last bracket. For the par- 
ticular value k — n, however, it is to be noted that the 
quantity in brackets is 
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2ti + (2« — 2)4'‘'*“l"2-f-0== n{n 4* l)i 

and the whole equation (30) becomes 

(x^ - l)z(»+« + 2i»:z<»+« - n{n + l)z(»> = 0. 

If y—d’^zjdx^, this relation, multiplied by —1, states 
that 


(1 — x^)y" — Ixy + «(« + 1)3' = 0, 


Consequently, by the concluding statement of §9, 


d^z 

— = KPM, 


where K is independent of x. 

As to the determination of K, the leading coefficient 
in d^zfdx^ is 2«(2w — 1) • • ■ (w+l), while the coefficient 
of in Pnix), according to (7), is 1 -3 • • • (2n — l)/nl 
Consequently 


(2^)! 

1.3.5 . . . (2n- 1) 


2-4-6 • • • (2n) = 


in agreement with (28). 

11. Integral representation. Another expression for 
Pnix) is the integral formula 


1 r* 

(31) Pn(a:) = — I [x + (a: 2 - cos <f>]^d4>. 

For the purposes of the demonstration let the right- 
hand member be denoted by yn{x). It is to be proved 
that yn(x) is identical with Pnix). 

Explicit integration gives immediately yo{x) = 1 
^Paix), yiix)=x=Pi{x). It will be shown that 3 'n( 2 c) 
satisfies the same relation of recurrence as Pnix), and it 
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will follow then that y 2 {x)—P 2 (x), and so by repeated 
use of the relation that yn(^c) ~Pn(x) for arbitrary n. 

It can be seen in advance that yn{x) is a polynomial 
of the »th degree (though it is not necessary for the pur- 
poses of the present section to deal with this part of the 
conclusion separately, as it will be covered in any event 
by the proof based on the recurrence formula). For if 
the integrand in (31) is expanded by the binomial the- 
orem each odd power of — is multiplied by an 
odd power of cos 0, the integral of which from 0 to tt 
vanishes: by the substitution d — cos 9= —cos (f), 



cos2*+i 


4> d4> 


_(_ 1)24+1 r 

J -/2 

-I 


cos2*+i 0 dd, 


so that the integral over the second half of the interval is 
the negative of the integral over the first half. (The fact 
that odd powers of — are eliminated by the 
integration will be used in §12.) And each even power of 
(x*— 1)^^^ is multiplied by an even power of cos d>, the 
integral of which makes a positive contribution to the 
coefficient of x”, so that this coefficient can not vanish. 

Let x-f-(x^ — 1)^^® cos <f} = Z. Then 

3 'n-l(x) I Z^-^dcj), 

IT J 0 

1 /* *■ 

yn{x) — I [x + (x* — 1)^'^ cos 4>]Z”-~^d(l}, 

X Jo 

1 r 

yn+i(*) — I [x (.x^ — 1)^^^ cos 4>yZ”-~^d<l>, 

X Jo 
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and 


{n + l)>'„+i(a:) - {2n + l)3eyn(i»;) + nyn-~\{x) 


(32) 






where 

W cos0+(3;®— 1) cos^ <t>] 

-~(2n-\-\)x[x-\-{x‘^—].yi^ cos <f>]-\-n 
— —nx^-yx(x^—iy^^ cos 1) cos^ 


= — w(ic^— 1)(1 — cos^ <(>)-yx(x^— lyi^ cos (l> 


+ (a:^— 1) cos^ <j) 

= ~n(x^—l) sin^(l>+{x^—iy/^ cos<^[:r+(^*— 1)^^* cos </>]. 


Let —n{x^ — l) sin* (t> be denoted by U, and the rest of 
the last member by V, so that W~U-\-V. With Z" and 
cos <f> d<f> as factors for an integration by parts, 


r FZ»-id0 = (a:* - 1)1/2 r 2" cos 4> 

Jo J 0 


d<l> 


= (x^ — l)^^^>|[z" sin 4>] 


4- J* sin ^•»Z”~i(a;2 — 1)^/2 sin (j> d^ 

= n(x^ — 1) f Z""! sin2 <f> d(i> 

J 0 

= - r UZ^-^d<l>, 

J 0 


Consequently the right-hand member of (32) vanishes, 
and this means that the recurrence relation (5) is satis- 
fied with yn{x) substituted for Pn{x). 
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12. Bounds of P»(ac). For values of jc belonging to 
the interval ( — 1, 1) let (31) be written in the form 

(33) Pn(x) = — I [a; + f(l — cos 
•r Jo 


It was seen in §11 that odd powers of the square root, 
and so, in the present representation, odd powers of i, 
are multiplied by factors which reduce to zero when the 
integration is performed. That is to say, if the integrand 
is written in terms of its real and pure imaginary parts 
in the form Fi-^iFi, 



Fid<i> = 0 , 



Fid<j>. 


Since [Pi+iPa I = (jPi + F|)^^®, and obviously \Fi 

nrf+HY'’. 


(34) 


F.(x)\ S— \Fi + iF,\d4> 

T J 0 

1 /* *■ 

= — I j ic + f(l — cos^|"d<#». 

IT Jo 


(Even without the fact that jFidip^O it would follow 
from a fundamental property of integrals of complex 
functions that lf(Fi+iF 2 )d 4 > | ^ /{Fi-^-iFi \d4>.) For 

-1<JC<1, 

I x + f(l “ x^y^ cos (f> \ = + (1 — x^) cos- 

= (cos® <l> x‘‘ sin® <j>y^ 

< (cos® <t> + sin® = 1 


if 0<<^<7r; the integrand in (34) is less than 1 except 
at the ends of the interval of integration. Hence 
|Pn(3c) I <1 throughout the interior of the interval ( — 1, 1). 
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A less obvious inequality for |Pn(^) j over the same 
range will be needed for the discussion of convergence. 
Since cos^ sin^ 0 = 1 — (1—x^) sin^ 0, it is seen by 
the preceding paragraph that 

I J^n(x) 1 ^ — f [l — (1 — sin^ 0]”/2<i0; 

T J 0 

and as sin (tt— 0) =sin 0, the integral from 0 to tt is the 
same as twice the integral from 0 to 7r/2. In the latter 
interval, according to (39) of Chapter I, sin 0^(2/7r)0. 
If Z = (2 /t)(1-x2)1^ 

1 - (1 - sin2 0^1- (2/ir)2(l - = 1 - 


By the extended mean value theorem, if y is any real 
number, 

g-y = \ — y 

with a value of 6 between 0 and 1. Since the exponential 
function is positive for all real values of the variable, 
g-9i/>0, and —y. That is to say, 1 —yS^~^, and in 
particular 1— Consequently 

2 C 

Pn{x) 1 ^ I 

T J Q 

With t = n}ih<j) as a new variable of integration, and 
with n^ihTrll =A, 

/ *tI2 I 1 r*" 

= I < I 

0 n^ihJo n^'hJo 

With regard to the last integral all that is essential for 
present purposes is that it is a number independent of 
n and x. It follows that there is a number C independent 
of n and x such that 
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(36) 


P«(a;)| < 


C 

^ 1 / 2(1 _ ^ 2 ) 1/2 


for — 1 <x <1. For a fixed value of x interior to ( — 1 , 1), 
|Pn(:)c) I does not exceed a constant multiple of 

(With the value for the last integral in (35), 

the inequality (36) becomes 

Pn(x) < 

‘ »i/2(i - x^yi^ 


For an evaluation of this integral on the basis of proper- 
ties of the Gamma function see the paragraph in paren- 
theses which concludes §2 of Chapter IX.) 

13. Convergence at a point of continuity interior to 
the interval. Let fix) be an integrable function whose 
square is integrable over ( — 1, 1), and let ^^(jc) as in §8 
be the partial sum of its development in Legendre series. 
By reasoning analogous to that of §7 in Chapter I, 


/ I A 2 2 r ^ 2 

fix)Sn(x)dx = A TT— O-k = I [^n(^)]'<Z^, 

-1 jb=o 2 ^ + 1 J 


r [/{x) - sfix)fdx = f \j{x)fdx - 

d -1 J -I fc=0 


2k + 1 


dk] 


the left-hand member of the last equation is non-nega- 
tive, the sum on the right is bounded as n increases, the 
corresponding infinite series is convergent, and 



( 2k + r ^ 

) I fix)Pkix)dx = 0. 

2 / «/ — 1 
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In a different notation, if and [0(/)]* are integrable 
over ( — 1, 1), 

/ 2 «+ 

liml ) <l>it)Pr,(t)dt = 0. 

\ 2 / v — 1 


An equivalent relation may be written a little more 
simply with [(2»4'l)/2]^^^ = replaced by 

since limn_oo(»+ 5 )/M = 1. 

A fixed value interior to ( — 1, 1) being assigned to x 
for a discussion of convergence, multiplication of (25) 
by /(^) gives 



- P4t)Pr.+^(x) 


If this is subtracted from (24), the result can be written 
with the notation 


in the form 


t -- X 


- f{x) = 


# + 1 


»+ 1 


Pn{x) J' ^{t)Pn+\{t)dt 

h 1 r' 

„+i(a:) J <l>(t)Pn{i 


By §12, each of the expressions ^{n+l)Pn{x), 
f(w+l)Pn+i(x) has an upper bound of the order of 
If f(x) is for simplicity continuous throughout the closed 
interval ( — 1, 1) except for a finite number of finite jumps, 
the same will be true of <f){t) if fit) has a derivative at the 
point t=x, d>{t) being defined by its limit for i =ac, or more 
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generally a right-hand derivative and a left-hand derivative 
at the point, whether these are the same or different, and 
then according to the preceding paragraph the product 
of either integral on the right of (37) by a quantity of the 
order of magnitude of approaches zero, so that 
lim„_»«,5„(x) =f(x). Under the hypotheses stated, the Le- 
gendre series converges at the point t—x to the value f(x). 


14. Convergence at a point of discontinuity interior 
to the interval. Let c be a number between —1 and 1, 
and \etf(x) for the moment be the particular discontinu- 
ous function which is equal to 1 for — 1 Sx<c and equal 
to 0 for 1 ; the value assigned to the function for 

ac = c is immaterial. By §13 the Legendre series for f(x) 
is convergent to the value /(a;) at any interior point of 
the interval other than x=c. The question at issue is 
that of convergence at the point of discontinuity. 

The general coefficient in the series is 


2k-\-l C' 


Ok = 


J Pk{x)dx. 


By (14) 


(2k -fl) J Pk(x)dx = Pk+iix) - Pk-i{x) 

for except for a constant of integration, and as 

Ok = l[Pfe+l(^) - Pk-l(x)Y_^ = |[Pj:+i(c) - Pifc_i(c)]. 
For k = 0 explicit integration gives 

^0 — j f Po(x)dx — \{c + 1) = I -f- |Pi(c), 
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The partial sum of the series for ac = c is 

S.(c) = i + iPiic) + ill, - Pt-i{c)]Pt{c) 

= I + |P„+a(c)P„(c). 

By §12, limn-MPn(c) =lim„_*«P„+i(c) =0, and conse- 
quently 

lim Sn(c) = I; 


the Legendre series for this particular function, like 
the Fourier series for a function having a similar discon- 
tinuity, converges to a value half-way between the right- 
hand and left-hand limits. 

The result thus obtained supplies the means for its 
own generalization. By application of (24) to the case in 
hand, 

n+l P^+l(t)Pn{c) - Pnit)Pn+l(c) 

5»(c) = — — I . dt, 

2 V t *“ c 


and this approaches | as w becomes infinite. That is to 
say, with x in place of c as notation for an arbitrary 
number interior to the interval ( — 1, 1), 

(38) lim 


w-f- 1 r * Pn+l(/)Pn(*) — Pn{t)Pn+l{x) 

I at — 4 

2 J_i t - X 


Furthermore, by subtraction of (38) from (25), 

(39) r- P:^(.‘)PM - PMP.^M ^ 

n-*« 2 J X t — X 


Suppose now that /(f) is an arbitrary function which 
is continuous for — 1 ^ f ^ 1 except for a finite number of 
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finite jumps, and which for a particular value of x 
approaches different limits/(jc+),/(a:— ) as / approaches 
X from the right and from the left. Let it be supposed 
that a derivative exists on each side of the point of dis- 
continuity, in the sense that the quotients 

t — X t — X 

approach limits as t approaches x from the right and 
from the left respectively. Then a function (j>i(t) defined 
by the first quotient for x<t^l and equal to 0 in the 
interval from — 1 to sc is continuous throughout ( — 1 , 1) 
except for a finite number of finite jumps, and the same 
is true of the function obtained by a complemen- 
tary definition in terms of the other quotient. Let 
in (24) be expressed as a sum of two parts J„i(:r), Sni(x) 
by integrating from x to 1 for the former and from — 1 
to X for the latter. If (39) is multiplied by f(x+) to give 
a representation of if{x-^), and ifix — ) is similarly rep- 
resented by means of (38), an obvious adaptation of the 
reasoning of the preceding section shows that 

Urn 5„i(a;) = ^/(x +), lim 5„2(x) = |/(x -), 

n— * oo ^ 

and consequently 

lim 5„(x) = ^[/(.T -t-) + f{x -)]. 

n“+oo 

It is again true that the series converges to the mean of the 
limits approached from the right and from the left. 

The question of convergence at the ends of the inter- 
val, while not particularly difficult if sufficiently restric- 
tive hypotheses are placed on/(x), would require further 
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consideration at some length, and will not be discussed 
here.* 

Supplementary references: Byerly; Stone; Churchill; Szego; 
Whittaker and Watson, Chapter XV; Hobson (2); Kellogg, pp. 125- 
134; Courant-Hilbert; Riemann- Weber; P6lya-Szego; Kaczmarz- 
Steinhaus. 

* See however Ex. 11 and the accompanying discussion in the 
exercises on this chapter at the end of the book. 



CHAPTER III 

BESSEL FUNCTIONS 


1. Preliminary orientation. Here, as in the preceding 
chapter, certain facts will be presented in logical se- 
quence without much emphasis on motivation at the 
outset. An obvious bond uniting this chapter with the 
two preceding is the property of orthogonality of the 
functions concerned. An organization of ideas under 
which Fourier, Legendre, and Bessel series appear not 
merely with common characteristics, but with a common 
origin, will be set forth in the next two chapters, on 
boundary value problems. A distinguishing feature of 
the series to be dealt with at present, from the point of 
view of elementary approach, is that they involve new 
and specially defined functions instead of the familiar 
trigonometric and algebraic types. 


2. Definition of /o(3c). As starting point will be taken 
here the differential equation 


(1) 


d^y 1 dy 

— + -- + y = o: 

dx^ X dx 


Let a power series solution be assumed in the form 
y = Co + Cl* + c^x"^ + ■ ■ • . 

If this expression is substituted for y in the left-hand 
member of (1), the coefficient of x^ in the resulting se- 
ries, /or k'tO,is found to be Ck-\-{k-\- 2 yck+ 2 , and a neces- 
sary and sufficient condition that this coefficient vanish 
is that 
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( 2 ) 


” (i + 2)« 


From the expansion of {\/x)dy/dx, however, there is a 
single term ci/x, corresponding to exponent k = —l, 
which can not be cancelled by any other term, and in 
order that the differential equation be satisfied it is 
necessary that ci=0. It follows then from (2) that c* 
must be zero for every odd value of k. For even k, on 
the other hand, (2) is satisfied if an arbitrary value is 
assigned to co, and if 


Co 

22 


Ci 

42 


Co 


2242 ’ 


C4 Co 

^ “ 224252' 


A formal solution of the differential equation is Ct^J^^x), 
where 


(3) J,{x) = 1 


X* 

1 

22 2242 




224252 


+ 


and Co/o(2^)j with arbitrary Co, is the most general solu- 
tion obtainable in this way. The result does not mean, 
of course, that this differential equation of the second 
order has essentially only one solution; it means that 
there is essentially only one solution which can be ex- 
pressed as a power series in x. The point x =0, at which 
the coefficient 1/x becomes infinite, is a “singular point” 
for the differential equation and for one of its two inde- 
pendent solutions. 

By the ratio test, the series (3) is seen to be conver- 
gent for all values of x, the ratio of the magnitudes of the 
terms of degrees k and k-\-2 being x2/(^-l-2)2, which 
has the limit 0 for any fixed x ask becomes infinite. The 
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function Jq{x) is called a Bessel function of order zero. 
Bessel functions of other orders will be defined in a later 
section. 


3. Orthogonality. Let X be an arbitrary constant, 
and let z = Jo(Kx). Then, if t=\x, so that z = Jo(t), 


dz dz dt 
dx dt dx 


X/o'W. 


dh 

7^ 


dt d / dz\ 
dx dt\dxj 




that is, 


1 dz 
X dx 


•/o"(0=-T 


1 dh 


X® dx^ 


the accents indicating differentiation with respect to 
the accompanying variable in parentheses. Substitution 
of the last expressions in the identity 

Ji'(t)+—J^it)+Jo(i) = 0 

t 

gives 

dH 1 dz 

1 + \h 0. 

dx"^ X dx 


That is to say, z is a solution of this .slightly more general 
differential equation. 

Since /o(— X jc) is the same as /o(Xa:), X may be re- 
stricted without essential loss of generality to non-nega- 
tive values. 

Let X and /x be two real numbers distinct from each 
other, each positive or zero, and let Jo(Xx) now be de- 
noted by Zi and Joifxx) by Zj. These functions satisfy 
respectively the differential equations 


dhi 


1 dzi 

d — + X^zi = 0, 

X dx 


( 4 ) 
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( 5 ) 


dhi J. 

dx^ X 


h fi^Zi = 0. 

dx 


If (4) multiplied by S 2 is subtracted from (5) multiplied 
by Zi, the result can be expressed with the notation 
w—zxdz^fdx—z^zxjdx in the form 

dwfdX + “ M*)ZlZ2' 

Multiplied by x, the last relation becomes 

diw^jdx = (X* — ii^)xzxZi, 


whence by integration with respect to x from 0 to 1 


( 6 ) 


/ dzt 

dzAi* r 

x( Zx 

— Z2 — ) = (X* — (l^) 1 

1 \ dx 

dx / Jo Jo 


xzxZzdx. 


The quantity in brackets vanishes for * = 0. At the 
other end of the interval zi(l)=/o(X), Z2(1 )=/o(m)* U 
X, fi are distinct positive roots of the eqtiation Jo(x) — 0, 

(7) r xJo{>^x)Jo{fix)dx = 0. 

J 0 

This statement does not of itself assert that such num- 
bers X, fi exist. It will be shown in §5 that the equation 
Jo{x) =0 has in fact infinitely many positive roots. 

The content of (7) can be expressed by saying that 
the functions A:^^Vo(X:r), x^'^Joifix) are orthogonal to each 
other over the interval (0, 1). An alternative form of 
statement, having no particular advantage in the pres- 
ent connection, but introducing a concept which will be 
important later, is that Jo(\x) and Joifix) themselves 
are orthogonal to each other over the interval (0, 1) 
with respect to x as weight function. 

The values of dzxjdx and dztfdx for a; = 1 are X/o (X) 
and nJo (p). The left member of (6) vanishes if X and n. 
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instead of being zeros of Ja{x), are such that Jo (X) 
— Jo (m)=0. More generally, if /o(X)?^0, the 

combination zxdz^jdx—z^dzxjdx has for a: = 1 the value 


/o 



\iJ 0 (m) 


X/o^(X) “ 

/o(X) J’ 


and vanishes if xJo (x)JJo(x) takes on equal values for 
x=\ and for x—fi, i.e., if is a constant and X and (x 
satisfy the equation xJo{x)/Jo{x)=h. The relation of 
orthogonality (7) holds if'K and p. are distinct non-negative 
roots of the equation Jo (x) —0 or of the more general equa- 
tion 


(8) xJo(x) ~ hJo(x) = 0 

(which reduces to the preceding for A = 0). The word 
positive is replaced by non-negative here because the 
equation Jo (jc)=0 has x = 0 for one of its roots. The 
existence of infinitely many positive roots of (8) for any 
value of the constant h will be established in §5. 

If (8) is replaced by gxJo (x) —hJo{x) =0 the earlier 
equation /o(3c) =0 is also included as a special case, with 

f = 0. 

For the evaluation of the integral in (7) when /i=X 
let \x once more be represented by t; then 

J :r[/o(X.T)]2dz = ^ J t[Jo{t)Ydt. 

With y = Jo(t) and with accents indicating differentia- 
tion with respect to t let the differential equation 

y" + y' It -f- y = 0 


be multiplied by Wy' . The result can be written in the 
form 
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0 - — + 2t^yy' 

dt 

= V ((V) + 4 

dt dt . 

whence 



= i [pif + y ') t , = 1 w ]’ + w 1' I . 


(9) f 'x [AM ]¥x = if [/.(\) ]' + [/o' (X) ]• ) , 

V 0 


This is valid for any X, whether satisfying one of the 
equations of the earlier paragraphs or not. 

4, Integral representation of fo(x). A proof of the 
existence of the roots referred to in the preceding section 
is based on an integral representation : 


1 /•' 

o(x) = - 

IT J 0 


cos (x cos ^)d^. 


It was seen in §2 that the most general solution of 
the differential equation (1) in the form of a power se- 
ries in X is a constant multiple of Jo(x). A power series 
solution having 1 for its constant term must be Jo(x) 
identically. It is to be shown that the right member of 
(10) is such a solution. 

Let 

y = I cos (* cos <f>)d</>. 

Jo 


Substitution of the series 



INTEGRAL REPRESENTATION OF Mx) 


75 


cos® (b COS^ X^ cos® <j) 

(11) 1 + . + 

2! 4! 6! 


for cos {x cos <l>) under the sign of integration* gives 


( 12 ) 



1 

T 


T 



T 

cos® <j> d4> 



It would not be difficult to evaluate /' cos®* 4> for 
arbitrary positive integral k and thus to verify term by 
term the identity of the series in (12) with that repre- 
senting Jo(x). The procedure here however, as already 
indicated, will be to show that y is a solution of (1). 

By differentiation with respect to x under the inte- 
gral sign 


(13) 




cos sin (x cos 4>)d<f>, 


X 

cos^ (j> COS (x cos (t>)d<t). 


Let integration by parts be applied in (13) with 
sin (x cos (f>) and cos <f) d<f> as factors. It is found that 


* From the point of view of the theory of functions the integration 
term by term is justified by the fact that for any fixed x the series (1) 
is immediately seen to be uniformly convergent for all values of 
Other points of demonstration in this section and the next (and in 
§§9-11), such as the validity of differentiation with respect to x under 
the integral sign and the fact that being sum of a power series, 
is continuous and therefore can not pass from a positive to a nega- 
tive value without taking on the value 0, while involving considera- 
tions outside the scope of an ordinary first course in the calculus, are 
based with equal directness on standard theorems of analysis. 
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]' 


— [sin (a; cos <i>) sin <t>]^ 

— X I sin^ (f> cos (x cos (l>)d<l>, 

J 0 


and the quantity in brackets vanishes at the ends of the 
interval. Thus 

y" H y + y 


X 


(— cos® 4> ~ sin® <^4-1) cos (x cos (j>)d<l> = 0. 


It follows that y/T is identical with Jo(ic). 

5. Zeros of Ji,{x) and related functions. Substitution 
of TT— 0 for 4> replaces x cos (f> by —x cos fj>, and leaves 
cos (a; cos <f>) unchanged. Consequently the integral from 
t/ 2 to tt in (10) is equal to the integral from 0 to 7r/2, 
and 

2 f'/® 

“ I cos (x cos <f>)d(l>. 

T Jo 


Let i=x cos (j),dt~—x sin <f> d<j>= —{x^ — t^yi^d4>. Then 

cos t 

■ dt. 

(x® - f®)i/® 

The denominator vanishes at the upper limit of integra- 
tion, and the integrand in general becomes infinite, the 
improper integral being however convergent. But if x 
is an odd multiple of t/2 the numerator of the fraction 
also vanishes for t=x, and by the usual rule for the 
evaluation of the limit 0/0 it is found that the limit of 
the fraction (or t=x is 0. In the rest of the discussion of 
the integral attention may be restricted to such values 
of X. 


iT/2)Ux) = f 
0 
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Let x = kTr-\~Tl2, k being a positive integer. The 
graph of the integrand as a function of t crosses the 
I-axis at the abscissa t/2, and then consists of a succes- 
sion of arches alternately below and above the axis, the 
last arch, from t = {k—\)'K to / = being above 

the axis if k is even and below if k is odd. Let the value 
of the integral from 0 to t/2 be denoted by c, and let 
di, d 2 , • • • , di denote the magnitudes of the areas be- 
tween the successive arches of the curve and the axis, 
the integrals of the absolute value of the integrand over 
the intervals (t/2, 3t/2), (3t/2, 5t/2), • • • , (^t— ^t, 
feT-j-^T). Then 

(t/2)/o(^T -1- ^t) = C — d\ di — dz ( — l)*dA:. 

The values of c and of the d’s individually depend on k, 
of course, but it is not necessary to indicate that fact 
explicitly in the notation. 

For fixed positive k, di<d 2 < • • • <dk, since the 
magnitudes of the ordinates of the curve at correspond- 
ing points of successive arches are the products of equal 
values of [cos ^ | by a quantity which increases from 
left to right. Furthermore, c<di, the integral from 0 to 
t/2 being smaller than the absolute value of either the 
integral from t/2 to t or that from t to 3t/2 separately. 
If k is odd, therefore, 

(t/2)/o(^t + It) = — (dk — dfc_i) — - - • 

— (ds — dz) — (di — c) <C 0, 

while if k is even 

(t/2)/o(^t -f- ^t) = (dk — dk-i) -f- * ’ • 

-b (dz — di) -f c > 0. 

Obviously /o(§^t)>0, the integrand being positive 
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throughout the interior of the interval in this case. So 
7o(ic) is alternately positive and negative at the points 
ir/2, 3ir/2, 57r/2, • • • , and vanishes at least once in each 
interval between successive points of this set. It vanishes in 
fact just once in each interval, but the fact that the 
number of roots in any one of the designated intervals 
can not exceed one will not be proved here. It is a con- 
sequence of general properties of functions represented 
by power series that Jo{x) can not have more than a 
finite number of zeros in any finite interval; a similar 
temark applies to the functions Jo (x), xJ^ (x) —hJ<i{x), 
to be considered below. 

By Rolle’s theorem Ji (ic) vanishes at least once in 
each interval between successive zeros of Jfi{x), and 
consequently the equation Jo{x)=Q also has infinitely 
many positive roots, as well as the root ic = 0. 

Before proceeding to a discussion of the more general 
equation (8) it is to be noted that Jq{x) and Jo' (x) can 
not vanish simultaneously. For if Jo(a) and Jo' (a) were 
both zero for (obviously Jo(0) = 1 it would fol- 
low from the differential equation that Jo"(a)==0, and 
then from the differentiated equation 

Jo'"(x) + -Jo"(x) + (l- ■^)fo'(x) = 0 

that Jo'" (a) =0, and so by successive differentiations of 
the differential equation that all derivatives must van- 
ish for x^a, and this would mean that Jo(x) as ex- 
panded in a Taylor series of powers oi x~- a must be 
identically zero. 

The fact that Jo and Jo' can not vanish simultane- 
ously is also apparent from (9). 

It is certain then that Jo(ic) changes .sign at each 
point where it vanishes. If Xi, X 2 , • • • are the positive 
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roots of the equation Jo{x) =0 in order, Jo(x) changes 
from positive to negative values at the point Xi, from 
negative to positive at X 2 , and so on: Jo (Xi) <0, Jo (X 2 ) 
>0, • • • . But at a point where Jo(x) =0, a: being posi- 
tive, the sign of the expression xJo (x)—hJo(x) which 
forms the left-hand member of (8) is that of Jo (x). So 
this left-hand member is alternately negative and posi- 
tive at the points Xi, X 2 , * • - , and vanishes at least once 
in each interval from one of these points to the next. 

6. Expansion of an arbitrary function in series. Let 
Xi,X 2 , • • • , be the positive roots of the equation =0, 
arranged in order of increasing magnitude, or the non- 
negative roots of Jo (:>j) =0, or the positive roots of 
xJo {x)—hJo{x)~Q with a preassigned value of A 5 ^ 0 . 
An arbitrary function /(jc) on the interval (0, 1) can be 
formally expanded in a series of the functions JoO^ix), 
JoQ^iX), • • • , by a procedure analogous to that followed 
in the case of Fourier and Legendre series. 

Let an expansion be assumed in the form 

f(x) = aJoiXix) -f atJoO^ix) + ■ • ■ . 


For the determination of the general coefficient a* let 
this equation be multiplied by xJo(\kx) and integrated 
from 0 to 1. By the property of orthogonality recognized 
in §3 the right-hand member reduces to a single term : 


I xf(x)Je(\kx)dx = at I :«;[/o(XjfcJi:) 
*'0 0 


which on evaluation of the last integral by means of (9) 
gives 


Ok 


[.^o(Xjfe)]* -|- P"o^(Xib)]® 


I xf(x)Jo{'Kkx)dx. 

J 0 
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The denominator of course reduces to [/o (Xt) if the 
X’s are the roots of Jo(x) - 0, and to [ Jo(X*) ]* if the roots 
of Jo (x) =0 are used. 

No discussion of the convergence of this type of se- 
ries will be undertaken here. 

The formulas can be adapted by a simple change of 
variable to an interval (0, a) of arbitrary length extend- 
ing to the right from the origin. 

7. Definition of Jn(x). A more general differential 
equation including (1) as a special case is 


(14) 


d^y idy 

1 r 

dx^ X dx 




This equation has been extensively studied for arbitrary 
values of «, real and complex. For present purposes 
however n may be thought of primarily as restricted to 
positive integral values (and the value 0, for which the 
equation reduces to (1)), though parts of the discussion 
will incidentally be valid without change, or with only 
slight changes, for arbitrary positive values or for still 
more general values of n. 

For the sake of a slight simplification in the setting 
up of a power series solution let a new" dependent vari- 
able be introduced by the relation y —x^. Substitution 
of this in (14) gives for v the differential equation 


(15) 


dh 2n-\- 1 dv 

1 = 0 , 

dx^ X dx 


which naturally reduces again to (1) for « = 0. If 

(16) ® = Co + cix -|- Cjx* + • • • j 

the coefficient of x*‘ when v in the left-hand member of 
(15) is replaced by the power series is for 
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{k -j- 2){k 2n 2 )cjb +2 + Cict 
the vanishing of which specifies that 


{k -j- 2)(ife “I” 2n ”}“ 2) 

the denominator is different from zero for all k'^0 if 
« ^ 0 (and more generally if n has any value except — 1 , 
— 3/2, — 2, • • • ). There is also a term (2n+l)ci/x, for 
the elimination of which it is necessary that ci = 0, unless 
« = — For »^0 (in particular) co is arbitrary, and the 
most general solution of (15) in the form (16) is Co times 
the series 

X* 

1 — 1 : 

2(2m + 2) 2-4(2» + 23(2» + 4) 

j_ . . . 

2-4-6-(2n + 2)(2» + 4)(2» + 6) 

This series is convergent by the ratio test for all values 
of X. 

When w is a positive integer a Bessel function Jnix) 
of the nth order is defined by choosing the constant co so 
that y~x^v becomes 



With replacement of 0! by 1 this formula reduces for 
» = 0 to the expression (3) for /o(a:). On comparison of 
(17) for n — \ with the result of differentiating (3) it is 
seen at once that Ji{x) = — Jo {x). For positive non- 
integral values of n, as well as for others to which the 
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preceding calculation is applicable, Jn(x) is defined with 
a corresponding value of Co expressed in terms of the 
Gamma function.* 

8. Orthogonality: developments in series. With 
i=:'hx, 3 = /„(X3c)=/„(0, it is found by repetition of the 
steps of the first paragraph of §3 that 

dh 1 dz / n\ 

(18) _ + --+{x'--)2 = 0. 

dx^ X dx \ x^/ 


For the purposes of the text it is to be understood 
throughout that w is a positive integer (or 0, the conclu- 
sions for » = 0 being merely a reiteration of those already 
obtained). The reasoning of this paragraph and the next 
two is equally valid to be sure for arbitrary positive n ; 
it is independent of the specification of co in the last 
sentence of the preceding section. In considering the 
possibility of extension to negative values of n it is to be 
borne in mind that when n is negative Jn{x) in general 
becomes infinite for jc = 0. 

When the differential equations satisfied by Zi 
= /„(X 3 (r), Zi = Jn{p.x) are combined in accordance with 
the procedure of the third paragraph of §3, the terms 
involving cancel each other, and the formulas leading 
up to the relation of orthogonality are from that point 
on exactly the same as before, except for the replace- 
ment of /o by 7„. //X and fi are distinct positive roots of 
the equation JJx) =0, or of the equation JJi (x) =0, or of 
the equation xJf {x)~hJjfx) =0, 


I 


xJ„(Xx)Jn(plx)dx = 0. 


* See Exs. 4-13 and the accompanying discussion among the 
exercises on this chapter at the end of the book. 
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Explicit admission of the value 0 for X or )U in this state- 
ment would be trivial, since /n(0-a;)sO for «>0. 

For the evaluation of the last integral when ju =X the 
procedure of the concluding paragraph of §3 is again 
effective. The term involving is in evidence this time 
throughout the calculation, and (9) is generalized to the 
form 


(19) 


r a;[/„(Xx:)]^da: 

J 0 

+ (i - ^) [-'.Wl’l 


The existence of the roots on which the significance 
of the statement of orthogonality depends will be proved 
in §11. 

If Xi, X 2 , • • • , are the positive roots of the equation 
/„(ic) =0 or of the equation (x) =0 (w being a positive 
integer) there corresponds to any integrable function 
f{x) on the interval (0, 1) an expansion (whether con- 
vergent or not) of the form 

ni/n(Xix) -h a2J„{\2x) -f- • 

with 

J\xf{x)Jr,{\kX)dx 
ak — 

rAj^{\kx)]Hx 

in which the denominator is to be evaluated by means of 
(19). The same is true when the X’s are the roots of 
xJn{x)—hJn{x)=Q, except that an additional term is 
needed in a particular case to make the series complete, 
namely when h — n; since in this case the function z=x^ 
is a solution of (18) with X = 0, and at the same time 
satisfies the condition that dzfdx=hz for ic = l, adapta- 
tion of the calculation of the third paragraph of §3 with 
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Zi=x", 32 = /n(XjiSc) shows that is orthogonal to each 
of the functions JnO^kX) with respect to x as weight 
function.* 

9. Integral representation of A representation 
of Jn{x) corresponding to (10) for positive integral n is 


( 20 ) 


1 


a;" 

1-3-5 • • • (2»- 1) 



IT 

sin®” ^ cos {x cos ^)d(f>. 


Let the integral in this formula be denoted by v. On 
substitution of (1 1) for cos (a; cos 4>) it becomes apparent 
that V is represented by a power series in x with constant 
term 


( 21 ) 



sin®” <t> d4>. 


Differentiation with respect to x under the integral 
sign gives 

dv 


( 22 ) 


dx 

dh 

7x^ 


= — I sin®” cos ^ sin {x cos <)>)d4>, 

J 0 

= — I sin®" <j> cos® (f> cos (ic cos <f))d^. 
J 0 


Let sin {x cos <l>) and sin®” <j) cos d> d<j> be used as factors 
for an integration by parts in (22). Since the function 
sin®"+®<^/(2w+l) obtained by integration of the second 
factor vanishes at the ends of the interval, 

dv X 

(23) — = I sin®"+® <f> cos (a; cos <f)d<i>. 

dx 2?i + IJ 0 


* See e.g. C. N. Moore, The sumtnabilily of the developments in 
Bessel functions, with applications, Transactions of the American 
Mathematical Society, vol. 10 (1909), pp. 391-435; pp. 418-419. 
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Here =sin®"0 sin^^, and it is seen that v satisfies 

(15). Consequently, by the discussion of this differential 
equation in §7, n is a constant multiple of Jn(x)/x^. It 
remains to verify the correctness of the constant factor 
in (20). 

Successive changes of the variable of integration in 
(21), using first the supplementary angle, then the 
complementary angle, then the supplementary angle 
again, show that 

A„ = 2 I sin^" <f> d<f> = 2 I cos^'^ <f>d<f) = I cos^’'(f>d^. 

From the last form of representation it is recognized on 
substitution of (11) in (10) that ( — l)M„/[7r(2n)!] is 
the coefficient of x^” in the power series for Jo(x) , or by 
comparison with (3) 

An 1 _l-3-5-'-(2» 1) 

(2n)lT 2H^ ■ ■ ■ (2ny ” " 2-4-6 • • • (2n) 

According to (17), /„(x) /a;" is a power series with 1/(2”??!) 
as constant term, and consequently 

V - 1-3-5 • • • (2w — \)'r:Jn{x)/x^, 

in agreement with (20). 

10. Recurrence formulas. Let the integral v of the 
preceding section now be denoted by z;„. Then according 
to (23) 

d-Bn _ 

dx 2?? + 1 

Let 1-3-5 • • • (2« — l)7r = C„. As z;» = C„/„(x)/a:” and 
(2»-l-l)Cn = C„+i it follows that 
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d / Jn(x)\ 1 dVn ^ XVn+l _ Jn+l(x) 

d.x\ X”' } Cn dx Cn +1 a:" 

whence 

(24) = — /«(^)'- /»' (ac). 

X 

For positive integral n an alternative integration by 
parts may be performed in (22) with sin®'*~^<^ cos 0 and 

sin (l> sin(a! cos <l>)d<i> = (l/x)d cos (x cos <j)) 

as factors. Since 

{d/d(l>) sin^”"^ cos <j> = {In — 1) sin^"”* 0 cos^ q!> — sin*“^ 

= {In — 1) sin^'^"* (p — 2n sin“" 4> 

it is found that 

dvn 1 r 1 

= — [(2» — l)»n-l — 2nVn\. 

dx X 

Consequently 

dr ^ d 

— — [x^Jr,{x)] ~ — (a; 2 « 0 „/C„) = {2n — l)a;2”-iz;„_i/C„ 
dx dx 

= = x”Jr,-.i{x), 

and 

(25) J^_i{x) = —JM + Jn {x). 

X 

Subtraction and addition of (24) and (25) give 
Jn {x) = f [/ft_i(a:) — /„+i(a;)], 

/n+l(^) ■j-/n~l{x) = {2nf x)Jn{x). 
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The last is a relation of recurrence by means of which 
Jn{x) for any integral w ^ 2 can be expressed in terms of 
Jo and Jx, and so in terms of Jo and Jo' . 

11. Zeros. By reasoning similar to that applied to 
Jq{x) in the latter part of §5, and based on successive 
differentiations of the differential equation, or, alterna- 
tively, on the relation (19), it can be seen that Jn{x) 
and Jn {x) do not vanish simultaneously for any value 
of Xt^O. (While Jo(0)?^0 and Ji (0)?^0, it is apparent 
that Jn(0) —Jn (0) =0 for «^2.) 

At any two successive positive roots of the equation 
Jn{x) =0 the values of J„' (rc), and so the values taken on 
by the right-hand member of (24), have opposite signs, 
and Jn+i{x) therefore must vanish at an intermediate 
point. If Jn(x) vanishes for infinitely many positive 
values^ of x the same must be true of J„+i(x). Since the 
existence of infinitely many zeros has been proved for 
Jo (and for Ji — —Jo), it follows by induction for arbi- 
trary positive integral n. 

Transition from the equation Jn{x) =0 to the equa- 
tions Jn (:x:)=0, xJ^ {x)—kJn{x)=^ can then be made 
by the same arguments that were used in §5 for n = 0. 

12. Asymptotic formula. The general character of 
the Bessel functions is made much more clearly appar- 
ent, and important information is supplied in prepara- 
tion for the study of convergence of Bessel series, by 
“asymptotic formulas” showing the behavior of the func- 
tions for large values of the variable. The general theory 
of such asymptotic formulas is by no means simple. On 
the basis of the fact that the function u =x^i^Jn{x) satis- 
fies the differential equation 

u' -J- [l — (n^ — \)/x^\u = 0 
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it is however easy to show that for fixed n there are 
constants a, S such that 


Mx) = 


Ct 

— - sin (a: + 5) + 


rnjx) 

^ 8/2 


where rn{x) is a function which remains bounded as x 
becomes infinite.* 

13. Orthogonal functions arising from linear bound- 
ary value problems. The functions cos Xx and sin he are 
solutions of the differential equation 

(26) y" + hy - 0. 

They satisfy the further conditions 

(27) )f{- t) = y(ir), y'{- tt) = y'(ir) 

if and only if X is an integer. That is to say, the functions 
1, cos X, sin X, cos 2*, sin 2x, • • • , from which a fourier 
series is formed, can be regarded as solutions 'of the 
boundary value problem defined by the differential equa- 
tion (26) and the auxiliary conditions (27) for the inter- 
val (—X, x). 

The differential equation of the Legendre polyno- 
mials has the points ic = + 1 as singular points, in the 
sense that when it is written in the form 




// 


2x n{n -f 1) 

y -1 

1 — 1 — 


y = 0, 


with the coefficient of y" reduced to unity, the other 
coefficients become infinite at the points in question. 
The solutions Pn{x), corresponding to integral values of 
n, are distinguished by the fact that they remain finite 


• See Courant-Hilbert, pp. 286-288 
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at the singular points. They can be regarded as solu- 
tions of a boundary value problem, relating in this case 
to the interval ( — 1, 1), with aipciliary conditions of a 
somewhat different type from those considered in the 
last paragraph. 

The equation 

y" -b (l/x)y + y = 0 

has a singular point for ic = 0. The solutions used in 
forming the series of §6 remain finite at the singular 
point, and satisfy a further auxiliary condition at the 
other end of the interval (0, 1). 

Thus the series of Fourier, Legendre, and Bessel, al- 
ready recognized as possessing a fundamental resem- 
blance, are brought together in another way under a 
common classification. 

A more general problem of essentially similar char- 
acter, though it does not reduce precisely to any of 
those just mentioned as a special case, is associated with 
the differential equation 

(28) y"+ [\^ - <i>{x)]y ^ 0 

and a pair of boundary conditions of the form 

(29) y(0) - ^y(O) = 0, /(tt) + Hy{^) = 0, 

in which is a given function continuous over the 
interval to be considered, taken for definiteness as the 
interval from 0 to tt, and h and H are constants. The 
specifications (28), (29) define a Sturm-Liouville bound- 
ary value problem. Non-trivial solutions exist only for a 
certain infinite set of isolated values of the parameter X, 
called characteristic numbers', the corresponding solutions 
are called characteristic solutions or characteristic func- 
tions. The functions 1, cos x, cos 2x, • ■ ■ , which make 
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Up a Fourier cosine series, as distinguished from a com- 
plete Fourier series, are given by a differential system of 
exactly this form, with (i>{x) ^0,h=H=0. The functions 
sin Jfex, = 2, • • • , without the cosines, are obtained 

with if the conditions (29) are replaced by 

y(0)=y{T) = 0. 

If yi and y 2 are characteristic solutions of (28) and 
(29) belonging to parameter values Xi, Xj, it is found by 
combining the differential equations satisfied by yi and 
yz respectively that 

d f I 2 2 

— (3'i 3'2 “ = (Xi - \^y\yt, 

dx 

biyi- y^yi]*- (Xi-X*) I yiy^dx. 

” da 

Since the left member of the last equation vanishes, by 
(29), the functions yi, yi are orthogonal to each other if 
Xi?^^. The infinite sequence of characteristic functions 
can be used for the formal development of an arbitrary 
function in series. (See reference to Ince.) 

Still more general boundary value and expansion 
problems arise in association with linear homogeneous 
differential equations of arbitrary order. (See reference 
to Birkhoff.) 

The notion of boundary value problems is met with 
again in the next two chapters, in connection with cer- 
tain partial differential equations. 

Supplementary references: Byerly; Churchill; Whittaker and 
Watson, Chapter XVII; Gray, Mathews, and MacRobert; Watson; 
Courant-Hilbert; Riemann- Weber; for §13; Ince; Birkhoff. 
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BOUNDARY VALUE PROBLEMS 

1. Fourier series: Laplace’s equation in an infinite 
strip. The series of Fourier, Legendre, and Bessel, to- 
gether with others, have a common field of ^plication 
in connection with the solution of what are commonly 
called the “partial differential equations of mathemati- 
cal physics.” One of the most important of these is 
Laplace's equation, having for three independent vari- 
ables the form 


( 1 ) 


3 % dH 

■ 1 i = 0. 

dx- d'f dz^ 


No less important is the corresponding equation in two 
independent variables, 


( 2 ) 


d^u 3 % 

1 = 

dx^ dy^ 


to which (1) reduces either if a plane problem is under 
consideration instead of one in space, or if the functions 
;:elating to a space problem are so specialized as to be 
independent of the z-coordinate. Equation (2) also has a 
significance of its own in the theory of functions of a 
complex variable. 

The question to be discussed is not merely that of 
finding functions which will satisfy the differential equa- 
tions. It is easy in fact to write down formally a general 
solution of (2), namely 

-f iy) + (i> 2 {x - iy), 
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where <f>i and 4>2 are arbitrary functions of a single vari- 
able having the requisite derivatives, and i is the im- 
aginary unit. The problem is to select from the multi- 
plicity of solutions a particular one to serve a specific 
purpose. 

Let it be required as an illustration to find a solution 
of (2) defined on a strip of the {x, y)-piane bounded by 
the lines 3 C*= 0 , 3C=7r, and y = 0, and satisfying, in addi- 
tion to the differential equation, the boundary condi- 


tions 


(3) 

u{x, 0) = /(x). 

(4) 

«(0, y) = 0, 

(5) 

«(t, y) = 0, 

(6) 

lim «(x, y) = 0, 


y — 00 


where /(jc) is a given function assigned in advance. With 
reference to an idealized physical problem, u may then 
be regarded as the temperature at the point (x, y) in an 
infinite strip of conducting material having the specified 
boundaries, if temperatures represented from point to 
point by the function f{x) are maintained on the end of 
the strip, the long edges are kept at temperature zero, 
and the temperature approaches iero in the distant part 
of the strip, the flow of heat being supposed to have 
reached a “steady state” so that the temperature at any 
fixed point is independent of the time. A problem closer 
to physical reality, but a little less simple as to its 
mathematical solution, in which the infinite strip is re- 
placed by a finite rectangle, will be discussed in the next 
section. 

The designation of the width of the strip as tt, for the 
sake of simplifying the subsequent notation, is not to be 
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thought of as an artificial limitation on the generality 
of the physical conditions, but merely as amounting to a 
legitimate and convenient choice of the unit of linear 
measurement. 

A device frequently used consists in seeking a solu- 
tion of tha differential equation first in the special form 
X{x) Y{y), where each factor is a function of just one 
of the variables. Substitution of the product XY ior u 
in (2) leads to the equation Y" IY= —X"fX. Since the 
two members of this equation are required to represent 
the same quantity, which by the first representation is 
independent of x and by the second is independent of y, 
this quantity must he a constant. As far as the differential 
equation is concerned the constant may be positive or 
negative; for the problem in hand it turns out to be 
convenient to take it as positive or zero, and to repre- 
sent it by X^. 

Then X and Y separately satisfy the ordinary differ- 
ential equations 

X"{x) = - \^X{x), Y>'{y) = X2F(y), 

with the same value of X in both. The first has the solu- 
tions cos \x, sin \x \ the second has the solutions 
Combination of these gives for (2) the particular solu- 
tions 

(7) cos \x, sin \x, cos \x, e~^'‘ sin \x, 

each of which is found by substitution actually to satisfy 
the differential equation for arbitrary X. With sufficient 
generality for present purposes, and in fact, as is obvi- 
ous, without any material loss of generality at all, it may 
be supposed that X ^ 0. 

Of the four functions in (7), the first two become 
infinite as y becomes positively infinite, while each of 
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the others satisfies the auxiliary condition (6). The func- 
tion sin >oc, still with arbitrary X^O, satisfies (4) as 
well as (2) and (6). It satisfies (5) if X is any integer. The 
requirements (2), (4), (5) and (6) then are fulfilled by 
each of the functions sin nx, w = l, 2, 3, • ’ • . 

Since the conditions thus far satisfied are homogene- 
ous, containing only terms which are of the first degree 
as to their dependence on the unknown function and its 
derivatives, any constant multiple of a solution is a solu- 
tion, and the sum of any two solutions is a solution. It 
follows then that (2), (4), (5) and (6) are satisfied by 
the sum of any finite number of terms of the form 
sin nx. It is naturally to be anticipated, and can be 
proved by routine methods of analysis which will not 
be presented here, that under suitable conditions of con- 
vergence the same is true of an infinite series of such 
terms. The formal solution of the boundary value prob- 
lem is completed by setting 

y) = sin X sin 2x 

( 8 ) 

-f sin 3a; -!-■•• • , 

and determining the coefficients so that 

/(a;) = u{x, 0) = hi sin x hi sin 2x + hssin 3x ■ , 

i.e., by using in (8) the coefficients of the Fourier sine 
series for/(x). 

If the width of the strip is a instead of ir, the condi- 
tion (5) being replaced by u(a, y)=0, the notation is 
complicated merely to the extent that sin {mrxja) 

is to be substituted for sin nx, and f(x) is to be ex- 
panded in a series Ylbn sin (nirx/a) on the interval (0, a), 
the generalization referred to in the next to the last 
paragraph of §3 in Chapter I being applied here to the 
sine series without cosine terms. 
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2. Fourier series: Laplace’s equation in a rectangle. 
A problem susceptible of more complete physical real- 
ization is concerned with a rectangle instead of an in- 
finite strip. Let h denote the length of the rectangle, the 
width being taken again for the time being as t. A solu- 
tion of (2) is to be found satisfying the conditions (3), 
(4), (5) and 

(9) u{x, b) = 0. 

(The discussion already given is physically significant 
in the sense that it gives a close approximation to the 
solution of the present problem if b is even moderately 
large, because of the rapid diminution of the expon- 
ential factors as y increases.) 

The functions e"" sin nx and sin nx satisfy (2), 
(4), and (5) for arbitrary positive integral n. The com- 
bination 

^gtibg-ny gjjj ^3. _ Ig-nbgnu _ y-J gj^ 

also satisfies (9). The function 

00 

u(x, y) = ^ c„ sinh n{b — y) sin nx 

n=l 

satisfies formally all the conditions of the problem if the 
coefficients are such that 

f{x) = u{x, 0) = Cl sinh 5 sin a: -j- sinh 26 sin 2 a: -|- • • ■; 

Cn is the corresponding coefficient in the sine series for 
fix), divided by sinh nb. 

The solution can of course be adapted to a rectangle 
of width a instead of tt. It is clear also that by a slight 
modification in the details of the work, or a simple 
change of variable in the result, the formulas can be 
made to fit arbitrarily given boundary values on the 
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upper instead of the lower end of the rectangle. By inter- 
change of X and y, with a corresponding interchange of 
a and b, they become applicable to boundary values 
given on a vertical side. Let Ui{x, y), • • • , Ui{x, y) be 
solutions of (2) satisfying respectively the following sets 
of boundary conditions : 


Ui{x, 0) = Si{x), ui{x, b) = 0, 

«i(0, y) = 0, 

Ui(x, 0) = 0, u^ix, b) = fzix), 

y) = 0. 

Uz(x, 0) = 0, Usix, h) = 0, 

^^3(0, y) = Jz{y), 

Ui{x, 0) = 0, Uii{x, b) == 0, 

^^4(0, y) - 0, 


«i(o, y) = 0, 


«2(a, y) = 0, 


uz{a, y) = 0, 

y) = U(y), 


and let u{x, y) M 2 +W 3 +M 4 - Then 
u(x, 0) = fiix), u{x, b) = fzix), 

«( 0 , y) = fs(y), y) = My), 


that is to say, u{x, y) is a solution of Laplace’s equation 
taking on boundary values arbitrarily assigned on the 
entire perimeter of the rectangle. 

In a general theory of the properties of functions 
satisfying Laplace’s equation, commonly called potential 
theory, it is shown a priori, not merely for a rectangle but 
for much more general regions, that the equation has 
one and just one solution taking on given boundary 
values. 


3. Fourier series : vibrating string. The vibrations of 
a stretched uniform elastic string fastened at the ends 
are described, under idealized conditions representing a 
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close approximation to physical reality, by a partial 
differential equation of the second order, in connection 
with which Fourier series can be employed again to 
construct the required solution. 

Let an a:-axis be taken through the fixed ends of the 
string, with the origin at one end. Let it be supposed 
that the motion is all in one plane, and let this be taken 
as the (x, y)-plane. If the point whose equilibrium posi- 
tion would be (x, 0) is displaced at the instant t to the 
position (x, y), the motion is completely described in 
mathematical terms by determining y as a function of 
X and t. This function y{x, t) satisfies the differential 
equation 


( 10 ) 


d^y ^ b^y 
bfi bx^ 


where a (taken as positive) is a constant depending on 
the units of measurement and the physical properties of 
the string. For convenience, let the unit of length be 
chosen so that the length of the string is tt. 

The equation has the general solution 

y(x, t) = 0i(x + at) + 4>i{x — at). 


where 4>i and 02 are arbitrary functions of a single vari- 
able. A question calling for more detailed examination 
is once more that of specifying a solution which meets 
the requirements of a particular problem. 

Let the motion be started by distorting the string 
into the shape y =/(x) , and releasing it from rest when 
^ = 0. By virtue of these initial conditions and the fact 
that the ends are fixed, y{x, t) is to satisfy, together with 

(10) , the relations 

( 11 ) 


y(0, t) = 0, 
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(12) >>(t, t) = 0, 

(13) y{x, 0) = f{x), 

(14) ytix, 0) = 0, 
yt denoting dy/dt. 

Particular solutions of (10) may be found by restrict- 
ing y at first to the form X(x) T(f). Then 

(15) T'/iaT-T) = X"/X. 

This quantity, being independent of x in consequence 
of the first form of representation and independent of t 
by the second, is a constant, which may be denoted by 
—X*; positive values of it would not be useful in the 
solution of the present problem. The ordinary differen- 
tial equations 

(16) T'it) = - WT{t), X"{x) = - \-^X{x) 
for T and X respectively have the solutions 

cos \at, sin Xo/; cos \x, sin Xjc, 
and (10) is satisfied by 

cos \x cos \at, cos \x sin \at, sin \x cos Xc^, sin \x sin \at. 

It may be supposed without loss of generality that X ^ 0. 

Of these expressions the first and third, containing 
the factor cos 'Kat, satisfy (14). The product sin \x cos \at 
satisfies (11) for all X, and satisfies (12) if X is an integer. 
A function satisfying the differential equation and all 
the auxiliary conditions is constructed by making 

00 

y(^. ^) ~ sin nx cos nat, 

n=l 

f{x) = y{x, 0) = ^ sin nx. 

ns=l 


(17) 
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Again the concluding step is the development of a given 
function in a sine series. 

If in particular /(a:) =h sin x, where ^ is a constant, 
i.e., if the initial shape of the string is a single arch of 
a sine curve, the sine series forf(x) reduces to the single 
term which represents f{x) identically, and the corre- 
sponding expression for yisk sin x cos at. At any instant 
t the shape of the string is described by the same func- 
tion sin X, multiplied by a factor depending on t. The 
point of the string corresponding to any fixed x, on the 
other hand, performs a simple harmonic motion with 
amplitude h sin x and period lir/a. This motion of the 
string in the form of a single sine arch is called its funda- 
mental vibration, and the corresponding musical tone is 
called the fundamental tone of the string. 

li fix) =h sin 2x, then y = A sin 2x cos 2at. For any t 
the string (if not in instantaneous coincidence with the 
x-axis) has the form of two arches of a sine curve, the 
middle point x = Trl2, called under these circumstances 
a node, remaining motionless in the equilibrium posi- 
tion. For fixed x the motion is simple harmonic with 
period 2Tc/{2a). This vibration, or the musical tone 
which it produces, is called the first harmonic or over- 
tone. Higher harmonics are similarly defined, the fre- 
quencies (reciprocals of the periods) being successive 
multiples of the fundamental frequency. The general 
oscillation (17) can be regarded as resulting from super- 
position of the fundamental and the various harmonics 
with suitable amplitude factors. 

The above problem is spoken of as that of a plucked 
string. If the string is struck instead of plucked, it is 
initially in the equilibrium position, and its particles 
are given initial transverse velocities of assigned magni- 
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tude, varying in general from point to point. The condi- 
tions (13), (14) are to be replaced by 

y{x, 0) = 0, 

(18) ytix, 0) = 4>(x). 

A particular function meeting all the conditions except 
(18) is sin nx sin nat. The final steps of the solution are 
described by the formulas 

y(x, t) = '^Cn sin nx sin nat, 

n=l 

00 

yi(x, t) = ^ nacn sin nx cos nat, 

n=l 

<p{x) = yt{x, 0) = 23 sin nx. 

n«sl 

The resultant oscillation is made up of a fundamental 
and harmonics of the same frequencies as before. 

4. Fourier series: damped vibrating string. If the 
motion of the string is subject to a resistance jpropor- 
tional to the velocity, the differential equation (10) is 
replaced by 

d^y dy 
- 4 - k — = — , 

dt^ dt dx^ 

and (15) in conjunction with (16) by 

(T” + kT')/{a^T) = X"/X = - X2. 

The equation for X is the same as before. Particular 
solutions for T are 

g-ii/a g-ktn gjj^ ^ _ i(4X2a2 — 

if k is small enough so that — 4X^a^<0, 



POLAR COORDINATES IN THE PLANE 


101 


Auxiliary conditions are the same as when there is 
no damping. In the case of the plucked string, solutions 
for all the conditions except (13) are given by 

g-Jstiif QOS tint H sin u„A sin nx, « = 1, 2, • • • , 

\ 2)Un / 



For agreement with (13) also, 

0 = X) fcos tij + ^ — sin sin nx, 

n=l \ “Mn / 

f{x) = 2 bn sin nx. 


The fact that the frequencies }in/(2r) corresponding to 
the factors cos {jlJ, sin /xj are not (in general) simply 
related to each other is associated with a quality of dis- 
sonance in the sound given out by the vibrating string, 
if the damping is appreciable. 

5. Polar coordinates in the plane. For some prob- 
lems there is occasion to transform the equation (2) to 
polar coordinates. Let such coordinates {r, o) be related 
to the rectangular coordinates (x, y) by the equations 


X = r cos 4>, y = r sin <p. 

If M is a function of the coordinates, 

du dll du 

— = cos h sin 4 > — j 

dr dx dy 

du _ du du 

— = — r sin 4> r cos <p — ■ 

d<j> dx dy 
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Solution of these linear equations for dufdx and dujdy 
gives 

du du 1 du 

(19) — = cos ^ sin ^ — ) 

dx dr r d4> 

du du 1 du 

— = sin ■ 1 cos (j> — 

dy dr r d(fj 

Let (19) be written with dufdx in place of u: 

d /du\ d /du\ 1 d /du\ 

— — ) = cos <i> — { — ) sin(j) — { — ) . 

dx \dxj dr \dx/ r d4> \dx/ 


By carrying out in detail the indicated operations of 
differentiation with respect to r and ^ on dufdx as given 
by (19) it is found that 


dhi 

dx^ 


— cos 4> 


1 


cos4> 


d^u 


dr^ 


1 _ du 

— sin <6 — 
dcl> 


1 d^u 

— sin ( 
r drd<l)J 


sin 0 

r 


du d^u 

sin (^) h cos ^ 

dr drd<j> 


1 d^^ 1 d^u~ 

cos (j> sixi(j> 

r d4> r d<i>^_ 


The fact that some of these terms can be combined is 
not important for the moment. Similarly, 


d^u 

= sin (t> 

dy^- 


d-u 1 du 1 d^u 

sin ^ — cos <i> 1 cos (j> 

dr^ r^ d(j> r drd4>_ 


1 r du d^u 

+ : — cos (j) cos <l> h sin 0 ■ 

r \_ dr drd(l> 


1 du 1 d^u~ 

sin 0 1 cos (t> 

r d<f> r 
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Addition of these expressions gives 

( 20 ) 


d^u d^u 

1 

dx^ a/ 


d^u \ du 1 d^u 

— 7 H 1 7 

df^ dr d<t>^ 


The same result can be found with less calculation 
by a process involving application of Green’s theorem, 
which however is outside the scope of the present treat- 
ment. 


6. Fourier series: Laplace’s equation in a circle; 
Poisson’s integral. The transformed equation (20) can 
be used for finding a solution of Laplace’s equation in a 
circle, for simplicity the unit circle about the origin, 
taking on given boundary values /(0) on the circumfer- 
ence. The required function u(r, 0) is to satisfy the equa- 
tion 

dhi 1 du 1 dhi 

( 21 ) 1 1 — — = 0 

dr^ r dr " d<j)- 

and the condition 


«(1, 0) = /(0). 

Tentative assumption of a solution of (21) in the 
form u = R{r)F{(()) leads to the equation 

(r’-i?" + rR')/R = - F"/F. 

The quantity thus represented in two different ways 
must be a constant. If a non-negative value X- is assigned 
to this constant, the separate equations 

r^R" + rR' - ^-R = 0, F" + = 0 

are obtained. The latter has the solutions cos X0, sin X0. 
Solutions of the former, readily found by standard meth- 
ods and still more readily verified by substitution, are 
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and r~^. It may be supposed for definiteness, and 
without loss of generality, that X^O. To restrict con- 
sideration to functions which are continuous at the ori- 
gin as well as elsewhere, the power of r with a negative 
exponent may be set aside. In order that different deter- 
minations of the polar coordinates of a point, with 
values of (j) differing by multiples of lir, shall lead to the 
same value of u, integral values are to be assigned to X. 
Particular solutions of (21) thus arrived at are 

cos »^, » == 0, 1, 2, ■ • • ; f” sin = 1, 2, ■ • • . 

The fact that these, as real and pure imaginary com- 
ponents of 2" when 2 = r(cos sin <f>), are solutions of 
Laplace’s equation, is well known also from the begin- 
nings of the theory of functions of a complex variable. 

A solution of the boundary value problem, formally 
at least, is then 

00 

s ^0 

(22) u(r, fp) = 1-2.^ r”(fl„ cos n(t> + sin ncp), 

2 n=l 

with coefficients an, bn determined so thaj 

f{4>) = m(1, (p) = h 2^ (On cos n4> -f sin n<p). 

2 n=l 

The designation ao/2 for the constant term is of course 
chosen for the sake of agreement with the notation of 
Chapter I. 

The coefficients being represented by the formulas 

1 I 

On = — f fifi) COS ftd dd, bn = — I f{d) sin nd dd, 

T J W J 

the right-hand member of (22) has the form 
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(23) — f [-i + i; cos nid - <!>)] dd. 

TT J _T L 2 „=1 J 

Let d—<f>=a, and iet z = r(cos a i sin o:). Then z" 
=r“(cos wa + i sin na), and 


2 f“ cos na 

n-O 


is the real part of 


nsO 


1 1 
1 — z 1 ~ r cos a — ir sin a 
1 ~ r cos a + fr sin a 
1 — 2r cos O' + 


Consequently 


00 

^ f ** cos na = 

n=0 


1 “ 

— i- E ~ 

2 n=l 


1 — r cos O' 

; 

1 — 2r cos a + 

1 — r cos a 1 

1 — 2r cos a + r* 2 

1 _ r2 

2 1 — 2r cos a + 


Substitution of this in (23) gives 


(24) u{r, <t>) 


If' 1 - 

— m - 

27rJ_/ 1 2r cos (0 -<#>) + r® 


The expression (24) for the solution of the boundary 
value problem is known as Poisson's integral. 

7. Transformation of Laplace’s equation in three 
dimensions. Attention is to be turned now to the three- 
dimensional equation (1). Direct treatment of this equa- 
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tion in rectangular coordinates is reserved for the next 
chapter. The present concern is with its transformation 
into cylindrical and spherical coordinates. 

The variables (r, f) or (r, z) are cylindrical co- 
ordinates if they are related to the rectangular coordi- 
nates (x, y, z) by the equations 

X ~ r cos <f>, y - r sin (j>, z = f. 


Since the third coordinate is the same in both systems 
it will be represented by the same letter z, without fur- 
ther use of the alternative T The r-coordinate represents 
distance from the z-axis. The pair (r, 4>) can be regarded 
as polar coordinates of the projection of the point 
(•a:, y, z) on the (x, y) plane. The derivatives of a function 
u with respect to x and y are transformed exactly as in 
§5. The derivative d^u/dz^ undergoes no change. Con- 
sequently 


(25) 


BH 

B-u B^u 

[_ 



B%^ 

By- Bz^- 


d^u \ du 1 d^u B-u 


Br^ 


r Br r^ B<t>^ Bz^ 


A system of spherical coordinates is defined by the 
relations 


X = p sin 6 cos 
y = p sin 6 sin <i>, 
z = p cos 6. 

Here 6 may be regarded as colatitude and <f> as longitude, 
the latter coordinate having the same geometric mean- 
ing as in the preceding paragraph; p is distance from 
the origin. If the derivatives of a function u with respect 
top, 6, 4> are calculated in terms of 'du/dx, du/dy, BujBz, 
and the resulting equations solved for the latter deriva- 
tives, it is found that 
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du 

du 

1 

du sin <j> 

du 

— = 

sin B cos 6 h 


cos 6 cos <}> 

— , 

dx 

dp 

P 

dB p sin 6 

d<j} 

du 

du 

1 

du cos <j> 

du 

— = 

sin 6 sin 6 }- 


cos B sin <p 1 

d<f>' 

By 

dp 

P 

dB p sin 6 

du 

du 

1 

du 


— ■ = 

cos B 


sin 0 — • 


dz 

dp 

P 

dB 



Further substitution for the evaluation of the second 
derivatives, in analogy with the procedure followed in 
§5, is laborious, but not prohibitively so. It can be 
shown by straightforward calculation that 


3 % d'^u d^u 
+ — + — = 


(26) 


dx^ dy^ 


az2 


1 d 

p2 dp 


+ 


1 




du\ 

ap) 

du\ 


sin a — ) 4- 


1 




p2 sin 6 dd\ dd/ p^ sin® d d4>~ 

An alternative derivation based on Green’s theorem is 
very much more expeditious, but less automatic in its 
operation. 


8. Legendre series : Laplace’s equation in a sphere. 

Spherical coordinates may be used in finding a solution 
of Laplace’s equation which takes on given values on 
the surface of a sphere. The sphere will be taken as of 
unit radius, with center at the origin. The problem will 
be considered for the present only in the simplified form 
which results if the boundary values are supposed to be 
independent of the longitude coordinate 4>- It may then 
plausibly be assumed, and is in fact necessarily true, 
that the solution of the problem also is independent of 4>. 
This implies that the- last term of (26) is absent, the 
derivative d^ufd<l>^ being identically zero. A function 
u(fi, 6) is to be found satisfying the differential equation 
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(27) 



+ 


1 a / du\ 

( sina— ) 

sin d 36 \ 66/ 


= 0 


with the boundary condition 

(28) ui\,6)=f(e), 0^6 

the function /(a) being given. The more general problem 
in which the variable 4> is permitted to appear will be 
discussed in the next chapter. 

If a solution of (27) is assumed in the form 
u = R{p) T{d) , the equation which R and T must satisfy is 

P^R” + 2pR' _ T" + cot 6 r 
_ _ 


The common value of these two expressions must be a 
constant, A sufficiency of particular solutions will be 
obtained by taking the constant as non-negative. For 
convenience in the subsequent calculation let it be rep- 
resented by «(»+!), The equation 

p^R" -H 2pR' - n{n + l)i? = 0 


has p” and p~^~^ as solutions. In the relation 

dT 

( 29 ) — -foot 9 \-n(n+l)T = 0 


let a new independent variable be introduced by the 
substitution a; = cos 6. (This x is of course not the same 
as the X of the rectangular coordinate system.) Then 


dT 

dT 





= 

— sin 6 ; 

} 




dd 

dx 





d^-T 

d^-T 


dT 

d/T 

dT 

— = 

sin2 6 

cos 6 

= (1 - 

- a:*) 

X 3 

de^ 

dx^ 


dx 

dx^ 

dx 
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and (29) becomes 

dT 

(1 - x^) 2x \-n(n+ l)T = 0. 

dx^ dx 

This is the differential equation of the Legendre poly- 
nomials. For non-negative integral n it has a solution 
Pn{x)=Pn{co& 6) which is continuous for all values of 
X, and in particular for — and so for all real 

values of 0. For the sake of continuity at the origin the 
value p” is to be chosen for R in preference to p“"“L The 
corresponding particular solutions of (27) are the func- 
tions p"P„(cos 6), n = 0, 1, 2, • • • . 

To satisfy the boundary condition (28) it remains to 
set 

00 

u(p, 6) = ^ anP"Pn(C0S 6), 

m = u{he) i:a„P„(cos0). 

If /(0) as a function of cos 0 is denoted by F{x), the 
coefficients an are to be determined by expanding F(x) in 
a Legendre series '^anPn(x). 

9. Bessel series: Laplace’s equation in a cylinder. 
Let the boundary surfaces of a cylindrical volume be in 
cylindrical coordinates the planes s = 0 and z = 6 and the 
surface r = l. A boundary value problem leading to an 
expansion in Bessel series may be formulated by requir- 
ing a solution of Laplace’s equation which takes on 
given values on the lower base of this cylinder, and 
vanishes on the upper base and on the curved surface. 
The problem will be simplified once more by assuming 
that the functions involved are independent of the d>- 
coordinate, the more general problem being reserved for 
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later treatment. Then the question is that of finding a 
function u{r, z) which, in view of the vanishing of the 
next to the last term in (25), satisfies the differential 
equation 


(30) 


d'^u 1 du 

j 1 

dr^ r dr dz^ 


with the auxiliary conditions 

(31) «(1, z) = 0, u(r, b) = 0, u{r, 0) = /(r) 


for a given function /(r). 

Substitution of a product R(r) Z(z) for u in (30) leads 
to the equations 


(32) 


i?" + (R'/r) 
_ 



if the constant value of the first two members is sup- 
posed to be negative or zero. The equation Z'^ =\‘^Z has 
for solutions and and as a combination of these 
vanishing for z — b the function z = sinh \{b—z). For R 
the equation 

1 

R!' -b — i?' -1- == 0 

r 


has by the first paragraph of §3 in Chapter III the solu- 
tion /o(Xf). If X is one of the numbers Xn for which 
/o(X„) =0, the product 

sinh Xn(6 — z)/o(X„f) 

satisfies all the requirements (30), (31) with the excep- 
tion of that relating to the arbitrary function f(r). To 
meet this condition also let 
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2 ) = £ Cn sinh X„(i - z)Jo(Xnr), 

n— 1 
00 

/(O = Z) C„ = a„/sinh X„6. 

71=1 

The solution of the boundary value problem is accom- 
plished by expanding /(r) in a Bessel series of the type 
indicated. 

Slight changes of detail would adapt the formulas to 
arbitrarily assigned values (independent of <}>) on the 
upper base of the cylinder, with zero values on the curved 
surface and on the lower base. 

It is appropriate in this connection to note also the 
form of the solution when arbitrary values independent 
of 4> are assigned on the curved surface, with vanishing 
boundary values on both bases. In symbols, the bound- 
ary values are of the form 

u{r, 0) = 0, «(r, b) — 0, u{\, z) = F(z). 

It is convenient now to replace — X^ in (32) by X-. The 
function Z = sm \z satisfies the equation Z" = — and 
vanishes for 2 — 0, and vanishes also for 2 = & if X has the 
form nw/b with an integral value of n. The equation 

1 

R" + — R' - ^ 0 

r 

has in terms of the notation used hitherto the solution 
as appears formally on replacement of X above 
by iX; the function Jo(ix) is however no more imaginary 
than Jo{x), being represented by the series 


1 H h ■ + -j- . . . 

22 2242 22426’- 
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with positive coefficients throughout. If the function 
defined by this series is denoted by Io(.x), the form ob- 
tained for R is loCXr). The differential equation and the 
first two boundary conditions have the solutions 

Io(mrrfb) sin (mrz/b), w = 1, 2, 3, • • • . 

The function u{r, z) is then to be represented by a series 
of these functions, with coefficients determined by ex- 
panding F{z) in a sine series. 

By combination of the solutions that have been de- 
scribed the boundary value problem can be solved for 
arbitrarily given boundary values independent of ^ on 
the entire surface of the cylinder. 

If the first condition in (31) is replaced by Wr(l, z) 
= 0, the solution proceeds as before except that roots of 
the equation Jo (jc) =0 are to be used instead of the roots 
of Jo{x)~0. This condition, as well as the original one 
and another alternative calling for the third set of roots 
described in §3 of Chapter III, has a simple physical 
interpretation.* 

10. Bessel series: circular drumhead. The vibra- 
tions of a stretched elastic membrane, under the sim- 
plest conditions of uniformity and freedom from retard- 
ing forces, are described by the equation 



where {x, y) are coordinates in the plane of the mem- 
brane in its position of equilibrium, and z measures dis- 
placement perpendicular to that plane. Let such a mem- 
brane in particular be fixed at all points of the circum- 
ference of unit radius about the origin. If (r, <^) denote 

* See e.g. Byerly, p. 227. 
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polar coordinates in the plane, these together with z 
constitute a set of cylindrical coordinates in space. Let 
the membrane be given an initial displacement inde- 
pendent of 0, i.e. having a value /(r) at all points at 
distance r from the center, and released from rest. Then 
the displacement at any subsequent time, assumed to be 
independent of <l> throughout, is represented by a func- 
tion z(r, t) satisfying the equations 

dH /dH 1 dz\ 

= a^l -h ), 

dt^ \dr^ r drj 

=0, z(r, 0) = f(r), zt{r, 0) 0. 

Particular solutions of (33) come from the relations 
z(r, t)=R{r) T(t), 

^ R" + (R'/r) ^ 
a^T R 

T — cos \at, sin \at, R = /o(Xr). 

The first and third of (34) are satisfied by /o(X„r) cos'Kr.at, 
if Xn is a root of /o(a;) =0. The remaining condition gives 
rise to the formulas 

z{r, /) = X) o„/o(X„r) cos Kat, 


(33) 

(34) 


f(r) = z(r,0) = X] aJoiKr). 

tl— 1 

If/(r) has the special form of a single term hJo{\kr), 
z reduces to /i/o(Xfc?') cos and any one point of the 
membrane, corresponding to a fixed r, vibrates in a sim- 
ple harmonic motion with period 2Tr/{\ka). But when a 
number 'of such vibrations are superposed their fre- 
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quencies are not simply related like those of the har- 
monics of an undamped vibrating string, and the sound 
given out by a vibrating drumhead is discordant even 
without the effect of resisting forces. 

If the drumhead, more practically, is set in vibration 
by a blow, instead of being released from a distorted 
position, the process of solution is similar, involving 
sine factors in place of cosines. 

The examples treated so far have involved the Bessel 
functions Jn(x) only for « = 0. The next chapter will 
give occasion for the use of more general Bessel func- 
tions. 

Supplementary references: Byerly; Churchill; Kellogg; Cou- 
rant-Hilbert ; Riemann- Weber. 
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DOUBLE SERIES; LAPLACE SERIES 

1. Boundary value problem in a cube; double Fou- 
rier series. More general boundary value problems than 
those of the last chapter call for the expansion of func- 
tions of two independent variables in series of special 
functions which are orthogonal with respect to integra- 
tion over a two-dimensional domain. One type of such 
series, called Laplace series, is of highly distinctive char- 
acter, and will be studied in some detail below. An exam- 
ple will be presented first which leads to a form of series 
with less striking features of novelty. 

Let a function f{x, y) be defined for O^x^ir, 
O^y^TT, and let a boundary value problem be formu- 
lated for a cube of corresponding dimensions by requir- 
ing a function u(x, y, z) which satisfies Laplace’s equa- 
tion 

dhi d^u dhi 

( 1 ) 1 1 = 0 

dx^ dy"^ 

with the auxiliary conditions 

u{x, y, 0) = /(x, y), u{x, y, r) = 0, 

tt(0, y, z) = 0, w(Tr, y, z) = 0, 

m(x, 0 , Z) = 0 , W(X, TT, z) = 0 . 

The result of substituting a product X{x) Y{y) Z(z) 
for M in (1) can be written in the form 

X" Y" Z” 

~x z 
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By a type of argument used repeatedly in the preceding 
chapter, the quantity thus represented in two ways, be- 
ing on the one hand independent of y and z and on the 
other hand independent of x, is a constant, which for the 
purposes of the present problem may be taken as non- 
negative and denoted by Then 

Y" Z" 

~ Y ~ Z 

The common value of the left and right members here 
is again a constant, which will be called The equa- 
tions 

X” = - r-X, Y" - - m’'T, Z" = (X2 -f /x2)Z 
have the solutions 

cos X.r, sin \x\ cos [ly, sin p.y\ e-"*, v = (X* + 

A linear combination of the last pair is 
sinh (X^ — z), 

which vanishes for z=ir. If X, /i are given integral values 
m, n, a function satisfying (1) and five of the six bound- 
ary conditions is seen to be 

sin mx sin ny sinh (w^ -1- n^yi^ijr •— z). 

The remaining condition is satisfied by 

u{x, y, z) 

00 00 

= 5 : 1 : ^mn sin mx sin ny sinh {m^ H- «*)^/-(7r — z) 

m=l n— 1 

if f(x, y) can be expanded in a series of the form 


( 3 ) 


S dnn sin mx sin ny, 
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the coefficient hmn in (2) being dmn/sinh The 

series (3) is a double Fourier series, of particularly simple 
form to be sure, inasmuch as it involves only sine terms. 

Any two of the functions sin mx sin ny, sin px sin qy 
are orthogonal to each other for integration with respect 
to X and y over the square i.e. the 

integral of their product is zero, unless m=p and n — q\ 
for the double integral of the product over the square is 
merely the product of the integrals 

/ sin mx sin px dx, I sin ny sin qy dy. 

0 Vo 

When m=p, n = q the product is not zero but 7r-/4. By 
the usual procedure with series of orthogonal functions, 
the coefficients in (3) are determined formally to be 

dmn = I I y) sin mx sin ny dx dy. 

Double Fourier series of greater generality involve 
terms of the four types 


cos mx cos ny, cos mx sin ny, sin mx cos ny, sin mx sin ny. 

The formulas are further complicated by the necessity 
of special attention to the terms containing cosine fac- 
tors of order zero in one variable or both. The detailed 
study of double Fourier series must be omitted here. 

With regard to the boundary value problem for the 
cube it is clear that what has been done for the lower 
base could be adapted to any of the other five faces. 
By combination of the results a formal solution would 
be obtained for arbitrary boundary values on the entire 
surface of the cube. The formulas could be further gener- 
alized at once to a rectangular parallelepiped of arbi- 
trary dimensions. 
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2. General spherical harmonics. The construction of 
particular solutions of the general Laplace equation in 
spherical coordinates is a matter calling for examination 
at some length. 

The equation, by (26) of Chapter IV, is 



1 dhi 
sin® 6 d<j>^ 


= 0 . 


By substitution of R(p) T(d) F{4>) for u this takes the 
form 


7'/ 


p^R" + 2 pR' T" + cot e r 1 
(5; - + - + -y 


= 0 . 


The first fraction, independent of 6 and 0 as it stands 
and independent of p by virtue of the equation, is a 
constant; let this be denoted by On multipli- 

cation of (5) by sin® 6 it appears that F" /F is inde- 
pendent of 0 as well as independent of p and let it be 
set equal to — w®. Thus R and .F satisfy the equations 

(6) p®i?" -f 2 pR' - m{m + 1 )R = 0, 

(7) F" -f »®F = 0. 


When the first fraction and F"jF are replaced by their 
constant values, (5) becomes 


(8) T" + cot d r + 


m{m + 1 ) 


«® 1 

r = 0. 

sin® 0_ 


Equation (6), as in §8 of Chapter IV (except for a 
slight difference of notation), has the solutions p” and 
p-m-i Qf these the former will be preferred once more, 
as continuous for p = 0, m being supposed non-negative. 
Solutions of (7) are cos «0 and sin n0. Here n will be 
taken as non-negative and integral. The purpose of the 
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restriction to integral values is to avoid the occurrence 
of multiple values of m at a point of space in consequence 
of alternative determinations of the longitude coordi- 
nate, differing by integral multiples of lir. 

The equation (8) differs from (29) of Chapter IV, 
apart from notation, only by the presence of the term 
— 6 inside the brackets. By the substitution 

5(r = cos 6 this becomes and when the sub- 

stitution is carried through in the other terms, as in 
Chapter IV, the whole equation takes the form 

d'^T dT r 1 

(9) {l-x^)~-2x - — 1- ; T=0. 

dx^ dx L 1 — x^J 

A procedure for arriving at the desired form of solu- 
tion of this equation, while perhaps not obvious a priori, 
is readily verified when the essential steps are suggested. 
Let a new dependent variable be introduced by setting 
T (not the z of the rectangular coordinate 

system). Substitution of this expression for T in (9), 
with some combination of terms and division of a factor 
(1 — from the whole left-hand member, leads to the 
equation 

(10) (1 — x^)z” — 2(«-|- 1) xz'-h 1) — n{n-\- 1) ]z = 0. 

On the other hand, if y=Pmix), repeated differentiation 
of 

(1 — x^)y" — 2xy' -h m{m -f- l)y = 0 

gives 

( 1 _ 3j2) yifi —4.xy'' -f [w(}n-f 1) — 2 ] / = 0, 
( 1 ~ X*) y — 6 xy"' + 1) — 6 ] y" = 0, 


(1 — x2)y^’‘+®^— 2(«-f l)xy^’‘+^^+ [m(OT+l)— »(»+!) ]y^"^=0, 
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which means that the function z — d'^yldx”' satisfies (10). 
Consequently (9) is satisfied for non-negative integral 
m and n by 

d" 

r = (1 - x^yi^-~Pr.(x), 

dx^ 

which in the notation of (8) is 

d" 

T = sin” 6 Pm(cos 9). 

(d cos 6) ” 

As this is identically zero for n>m, the result is non- 
trivial only for « = 0, 1, • • • , w. 

With the notation Pm\x) or (cos 6) for the deriv- 
atives in the last expressions, let 

ft (ft) 

Umn = COS n<j> siTi 6P„ (cos 6), « = 0, 1, 2, • • • , m, 

Vmn = sin n4> sin" 6Pm\cos 6), » = 1, 2, • • • , m. 

Particular solutions obtained for (4) are and p'^Vmv.- 
These functions of (p, 6, d>) are called spherical harmon- 
ics. The same designation is also applied to Umn and v^n 
without the factor p”, as functions of 6 and 

For each m, the functions Vmv. (or the 

corresponding functions with the common factor p” in- 
cluded) are linearly independent; that is to say, there 
is no set of constants .4 o, Ai, • ■ ■ , Am, Bi, ■ ■ ■ , Bm, not 
all zero, such that 

171 

(11) Aail-mO + X] {Anli •mn 

vanishes identically. For an expression 

m 

ao + D (“n cos sin 


( 12 ) 
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can not be identically zero unless the coefficients 
ao, • • ■ , ctm, jSi, • • • , /3m are ail zero; the sum (11) has 
the form (12) with ao=^o-Pm(cos B), 

an - An sin" ^pi"^(cos 6), i8„ = sin" 0 p1"’(cos B), 

« = 1, 2, • • • , w, 

and its identical vanishing in B and 0 would require that 
oiQ, ai, • ■ • , am, 01 , • • ■ , vanish for each value of 6, 
i.e., vanish identically in B, which is not the case unless 
the A ’s and 5’s are all zero. The fact of linear independ- 
ence is perhaps obvious, but is emphasized because it 
will be needed explicitly later. 

3. Laplace series. By means of the functions of the 
preceding section the solution of the boundary value 
problem for Laplace’s equation in a sphere (see Chapter 
IV, §8) can be extended to values which are not inde- 
pendent of <f>. A function «(p, B, 4>) is to satisfy (4) to- 
gether with a boundary condition of the form 

«( 1 , 6, <f>) = f{d, 4>). 


To yield such a function, in analogy with the procedure 
followed in other cases after suitable particular solutions 
of the differential equation have been obtained, the 
coefficients in a representation 

“ p J m 

^(Pf Bj ^) I ^mO^mO "L “h ^win^mn) 

L 2 n=<l 


are determined so that 


f(d, 4>) - u{\,B, (f>) 


( 13 ) 


” r 1 

“ ^ ^ O*.0^w0 “h (^mn^mn ”1“ &:rin^iiin) 

Ttt—O L 2 
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(For w = 0 it is understood that the expression in brack- 
ets reduces to the single term |aoo.) A series of the form 
(13) is called a Laplace series. 

In the Laplace series, as in the other types that have 
been considered, the determination of the coefficients is 
facilitated by properties of orthogonality of the func- 
tions which make up the terms. On the surface of the 
sphere, 6 varies from 0 to t, and < 5 & may be taken as vary- 
ing from — TT to TT.The element of area is sin 6 d<p dd 
integral of a function F{d, 4>) over the surface of the sphere 
means 

r f F(0, 4>) sin 0 d<i> dd. 

do -ir 

Two functions are orthogonal to each other if the in- 
tegral of their product is zero. Any two of the functions 
Umn, Ur, are orthogonal to each other for integration over 
the surface of the sphere unless m — r and n = s; any two 
distinct v’s are similarly orthogonal ; and any Umn is orthog- 
onal to any Vn, whether the subscripts are the same or 
different. 

The integral of any one of the products concerned 
reduces at once to a product of two simple integrals. 
For example, the integral of UmnUr, over the sphere is 


cos n4 cos d4> 


si^n+»+i^ P^^(cos 6)pI‘^{cos d)d6. 


The first factor is zero unless n=s. Similarly, the ortho- 
gonality of v„n and Vr» for n 9 ^s, and of and Vr, with- 
out restriction on the subscripts, is an immediate con- 
sequence of the elementary properties of the trigonomet- 
ric functions. For n=s it remains to examine the inte- 
gral in terms of 6, which then becomes 
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(14) r sin’^^^e P^J^\cose)pl'"\cosd)de, 

J 0 

being the same whether a product of u's or a product of 
:;’s is under consideration. 

In terms of the variable 3c = cos 6 (quite distinct once 
more from the rectangular a;-coordinate) (14) is equal to 

(15) 

Since Pm\x) is a solution of (10), 

P~\x) - 2(n + 
dx^ dx 

+ [m{m + 1) - n{n + l)]pi‘^(a;) = 0. 

Let this equation, multiplied by (1 —x^YP^^^{x), be sub- 
tracted from the corresponding equation with m and r 
interchanged. The index n is the same throughout. With 

= p'';^'\x)p':\x) - pt^"\x)p';\x), 

the result can be arranged in the form 
dw 

(1 - x2)"+i 2(n-f 1)3C(1 - x^Yw 

(16) dx 

= [m{m •+■ 1 ) - r(r + 1)](1 - x^Yp^,^\x)pI''\x). 

The left member is the derivative of (l~x^)"+^w; its 
definite integral from — 1 to 1 vanishes. The quantity in 
brackets on the right is different from zero if r and m 
are non-negative and distinct. So integration of (16) 
from — 1 to 1 shows that 
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J* (1 — x^)”pl^\x)Pl’'\x)dx = 0. 

It is of importance also to find the value of (15) when 
m = r. For « = 0 it is known from Chapter II that 




For integration by parts over the interval (—1, 1), let 
the integral 

J* (1 - ac®) [PJ(3£:)]2da 

be regarded as having the form fudv, with 

M = (1 - x^)PJ (x), V = Pm{x). 

In consequence of the differential equation which Pm(x) 
satisfies, 

du= [{l — x-)Pm' {x)—2xPm (a;)]da;= Pm(x)dx. 

The product uv vanishes for ac= + 1, and therefore 

J (1 — x-)[Pm{x)ydx = m{m + 1) J [Pm(a:) 

2Tn{m -h 1) 

2m -F 1 

For general n let a similar process of integration by 
parts be applied in 

J‘(l - 
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with 

« = (1 — dv = P^2^^^{x)dx, V = Pm\x). 

Since Pm\x) satisfies the differential equation (10), 

du=[{\ — x"^) VI " — 2{n-\-l)x{\ — x-) x) ]d x 

= — [w(w+l)— «(»+!) ](l — a:^) Pm^{x)dx 

= — {in—n){m-\’n-\- 1)(1 — Pm^ {x)dx. 

It is still true that uv vanishes at both ends of the inter- 
val. So 

f (I - x‘)''*\p'-:*'\x)]'dx 

= (m — «)(»!+ K+ 1) J" {1 — 

This relation makes it possible to calculate the value of 
the integral for successive values of n by induction. It is 
found that 

J* (1 - x^f[P^2\x)tdx 

= (fw — » + \){m — n 2) ■ ■ ■ {m n) 

2m “i" 1 

{m + n) ! 2 

(m — n ) ! Im 4- 1 

For d as variable of integration this is then the value of 
(14) with in = r. 

The usual process for finding the coefficients in a 
series of orthogonal functions now gives for Umn and bmn 
in (13) the representations 



126 


DOUBLE SERIES; LAPLACE SERIES 


^mn 


(17) 


bmn 


{m — n)\ 2w + 1 

1 X 

(w + w) ! 2Tr 

^ C ^ »+i w 

I f(d, 4>) sin” 6 cos n4>P2 (cos 6)d4> d6, 

0 T 

{m — n)\ 2m + 1 

j :! 

(m -f- n ) ! 2t 

I /(^. <t>) sin" 6 sin n^Pm (cos 6)d<j> d6. 

0 d —r 


The formula for amn holds forn = 0 as well as for positive 
n. 

4. Harmonic polynomials.* It is to be shown next 
that each of the spherical harmonics p^^u^n, p”^mn when 
considered as a function of the rectangular coordinates 
(jc, y, z) is a homogeneous polynomial of the mth degree, 
i.e. one in which each term is of the wth degree in the 
three variables together. A function which satisfies La- 
place’s equation is called a harmonic function. Each of 
the functions p”^Umn, p”^mn is a homogeneous harmonic 
polynomial. 

It is possible to represent cos in a variety of ways 
as a polynomial in cos <f> and sin <j). In particular, by 
de Moivre’s theorem, i.e. by separation of real and pure 
imaginary parts in 

cos n(f> i sin n4> — (cos i sin d>Y, 
it can be expressed as a sum of terms of the form 


* This section and the next three deal with questions which are 
important in connection with the study of the Laplace series for its 
own sake, but can be omitted as far as an understanding of the rest of 
the book is concerned. 
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C cos”“* 4> sin*' <^, in which C is a constant coeflficient, 
differing from term to term, and k is & non-negative 
even integer. There is a corresponding representation 
of sin n(j> in which each value of k is odd. The terms of 
P^^(cos 6) as a polynomial in cos 6 are constant multi- 
ples of 003”“““®^ 0 for non-negative integral values of h. 
So each term of or is of the form 

Cp”* cos"-*' <i> sin* (f) sin” d cos”-"-^* 6 

= Cp^^ p"-* sin"-* e cos"-* <^-p* sin* 6 sin* 0- 

pm-n-2A (.Q5m-n-2A Q 

= + 2®)*a:"-*y*z’"“"-**, 

and this is a polynomial in (x, y, z), each of whose terms 
is of degree m. 

To set up from first principles an enumeration of all 
possible homogeneous harmonic polynomials of the mth 
degree, let U(x, y, z) denote any such polynomial, let 
the products x®y's* in which z-i-j-i-k = m be arranged in 
a triangular schedule in the form 

• * ‘ xy^~ 

x^~'^z x^'^^yz x^^^y^z • * • xy^^'^z y^~~^ 

^m—2^2 ^m—Ay2^2 . . . 2^2 

( 18 ) 


and let the coefficient of x*y%* in U be cuk. Let the 
coefficients cuk be thought of as written in a correspond- 
ing triangular array. Let it be supposed that m'^l \ all 
polynomials of degrees 0 and 1 are harmonic. 
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The function 


( 19 ) 


d'-V 




+ 


dW d^-U 

a >'2 dz^ 


is a sum of terms of the form in which 

o;4-j3+7 = m — 2. The condition that U be harmonic is 
that each of the coefficients vanish. The value of 
the general coefficient D^&y is 


{a + 2)(a + l)Ca+i,^,y -4- (^ + 2)(/3 + \)Ca,&+i,y 

+ (7 + 2)(7+1)c a.;S,Y+2. 


Setting this expression equal to zero determines Ca, 3, 7+2, 
for example, if the other two c’s are known. In the tri- 
angular array of all the cs the row in which any coeffi- 
cient stands is indicated by its third subscript, which is 
0 for the first row, 1 for the second, and so on ; Ca, n, 7+2 
is in a row not earlier than the third, while c«+2, 7 and 

Ca, ^+2, 7 are in the second row above it. If the c’s in the 
first row are given, those in the third row are thereby 
determined, these determine the fifth row, and so on. 
The second row determines the succeeding even-num- 
bered rows. If arbitrary values are assigned to the first 
two rows of c’s, the rest can be found so as to make (19) 
vanish identically. 

For e.xample, there is one and just one homogeneous 
harmonic polynomial in which x”^ has coefficient unity 
and all the other monomials from the first two rows of 
(18) have zero coefficients. There is one and just one in 
which is the only term from these two rows, and 

so on to y'^~^z at the end of the second row. Let the 
2 w 2-|-1 special polynomials thus defined be denoted by 

Lnt, ' ■ ' , U Q, I' m—X, ■ ■ ■ 1 k Q. 

Then if U is any homogeneous harmonic polynomial 
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of the mth. degree, and Cmoo, • • ■ , Co, m-i, i are the first 
two rows of its coefficients, it is expressible in terms of 
Um, ■ ■ ■ , Uo, Vm- 1 , ■ ■ ■ , Vo in the form 

Trt m 

U ~ ^ ” 1 " ^ ^tn—i,i—l,lVm—i‘ 

t=0 i=l 

For this expression is in fact a homogeneous polynomial 
of the mth degree, satisfies the differential equation, and 
has the designated c’s as coefficients of the terras formed 
from the first two rows of (18), and it has been shown 
that there can be only one polynomial meeting these 
specifications. 

In particular, each of the 2m + l spherical harmonics 
p^Umn and p”^mn as a polynomial in (x, y, z) can be repre- 
sented linearly in terms of Um, ■ ■ • , Uo, F^-i, • • • , Fo. 
If the determinant of the (2w-l-l)^ coefficients in the 
representation were zero, there would be a relation of 
linear dependence connecting the functions 
which is impossible by the last paragraph of §2. So the 
equations can be solved for the U’s and F’s in terms of 
p'^Umn, p”^mn, and any linear combination of the former 
set of polynomials is at the same time a linear combina- 
tion of the latter. Any homogeneous harmonic polynomial 
of the mth degree in (x, y, z) is a linear combination of the 
spherical harmonics p’^Umn, p”^mn- 

5. Rotation of axes. A rotation of axes connecting 
one set of rectangular coordinates (x, y, z) with another 
set (^, rj, f) having the same origin is described by a set 
of equations of the form 

^ = ciix -F ci2y 4- cizz 

(20) 17 = C21X -|- czzy + C23Z 

f = C31X -f czzy + C33Z 


in which 
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3 2 ® 

(21) Cik — Ij CihCjk ~ 0, i, j = 1, 2, 3 , i 7^ j, 

k=l 

while similar relations hold if the summation is per- 
formed by columns instead of rows. It will be shown 
that Laplace's equation is invariant under such a trans- 
formation. 

The formulas can be written more compactly if x, y, 
z are replaced by xi, X2, xz, and rj, f by ^i, ^3. Then 

the equations of transformation can be summarized in 
the single formula 

3 

^ J CikXtf 
k=.l 

In the same notation. 


du ® du d^i 
dXk i=i Bxk 



du 



The meaning of the expressions is naturally unchanged 
if some other letter, for example j, is used instead of i 
to represent the index of summation. By repetition of 
the process, with substitution of dufdxk for u, 



Hence 


3 3 

EE ^ikCjh 

t=l jatrl 


5 % 




X BH d^u 

2 -/ . ~ 2^ 2^ Zu CikCjk . _ 

oxi k^i ,=i B^iBij 

* » \ B^u 

2^ 2^ [ 2^ (CikCjk j 

»=i j-1 \ k=i / B^iB^j 
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Since by (21) the sum in parentheses is 1 or 0 according 
as i and j are the same or different, the whole triple sum 
reduces to^d’^u/d^, or in terms of the original symbols 

3% d^u 3% 3% 3% 

The transformation inverse to (20) is 

X = rii^ + Ciiti + Csif 

y = <^i2| + ^22?; + Csai" 

s == cis^ •{- cnv + Cs3^ 

with the same c’s arranged by rows instead of columns. 
From the fact that the transformation carries a homo- 
geneous polynomial in either set of variables into a 
homogeneous polynomial of the same degree in the 
other set, together with the fact that the form of La- 
place’s equation is unchanged, it follows that a homo- 
geneous harmonic polynomial of the mth degree in (a:, y, z) 
is a homogeneous harmonic polynomial of the mth degree 
(^. V> r)> vice versa. 

The quantity 

p = (x^ y^ + = (^^ + 

is the same in both coordinate systems. Let (p, y, p) 
denote spherical coordinates corresponding to (^, r}, ^) : 

^ = p sin 7 cos p, J 7 = p sin 7 sin p, f = p cos y. 

Let Umn, Vmn be used now as symbols of functional 
operation, with the variables indicated, i.e. let the 
previous Umn, Vmn be represented more explicitly by 
Umn(6, p), Vmn(0, p) , and Ict ttmn(7i P) ^ Vmnij, P) Stand 
for the corresponding expressions in terms of y and p. 
Since p^Umnipf, p) or p™?'TOn(T, P) is a homogeneous har- 



132 


DOUBLE SERIES; LAPLACE SERIES 


monic polynomial of the mth degree in {x, y, z) as well 
as in (^, rj, f), it can be written as a linear combination 
of the functions p"”Umn{B, <j>), 4>)', or by removal 

of the factor p™, each of the functions i/),v„n{y, \p) 

is a linear combination of the 2m + 1 spherical harmonics 
in (0, <p) corresponding to the same value of m. A similar 
statement holds with reference to the inverse trans- 
formation. 

The coefficients in such a representation, which is in 
effect a Laplace series having only a finite number of 
terms different from zero, and so uncomplicated by 
questions of convergence, are found in the usual way 
by use of the properties of orthogonality of the terms, 
and can be written down immediately by adaptation of 
(17). 

6. Integral representation for group of terms in the 
Laplace series. Let Sm denote the group of terms cor- 
responding to a single value of m in (13): 

(22) “ r , 

”b \aTfaTiUyrivff i ^) "b b m7i^mn(^i ^) ]' 

n=l 


(The function Umo{9, <f>) does not of course actually de- 
pend on<^, being Pm (cos ^).) By (17), with (5',<^') written 
in place of (0, 4>) for the variables of integration, 


(m-b«)! 



f(e' ,4>')umn(9' , <!>') sme'd<b'dd\ 


{m—n)\ 

(m+n)! 


2OT-f 1 
27r 



f{d', 4>')vmn{9'y <t>') sin 6'dd)'dd'. 

T 


By explicit substitution of these values in (22) it is 
possible to write 
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2m + 1 r ^ 

s„ = f(e', 4>')Gr.{6, <^, e', <i>') sin d'dcp'de' 

i-rr J Q J -r 

with 

Gm{9, 4), 6', 4>') — ■Wmo(^) 4>)‘Umo(&', 4>') 

fl\ 1 

(23) + 2 5!!) 7 r; Wmn(4, 4>') 

=1 {m + n)\ 

+ l'mn{0, 4>)Vmn{6', 

An expression more compact than this is to be found for 

cue, <f>, S', (!>'). 

Let points on the surface of the unit sphere be repre- 
sented by their angular coordinates (colatitude and 
longitude), the constant p = l being omitted. Let {6, 4>) 
for the time being be thought of as a fixed point M, and 
let the coordinates of a variable point P be denoted by 
{d\ 4>'). Let N be the “north pole,” the point for which 
0 = 0 . In the spherical triangle MNP, the sides NM and 
NP are B and 6' respectively, and the angle N (apart 
from algebraic sign, which is immaterial for present 
purposes) is 4>' ~4>- Let the angular measure of the side 
MP be denoted by 7 . Then by the law of cosines in 
spherical trigonometry 

(24) cos 7 = cos 8 cos 8' + sin 8 sin 8' cos ( 4 ' — <f>). 

Let a new system of rectangular coordinates (^, 17 , ^ 
be set up with the J'-axis passing through if. Let 
( 7 , ^) be the corresponding coordinates of P on the 
surface of the sphere, this definition of 7 being in agree- 
ment with the one in the preceding paragraph. By §5, 
applied to the coordinates {B',4>') and ( 7 , \i'), the func- 
tion Mmo( 7 , 4^) = Pm (cos 7 ) can be written in the form 
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(25) ^0 + ^ [AnUmn(6\ 4>') + BnVmn(0' , <#>')] 

with 




(26) 


(m — n)[ 2m + 1 

A, X 

(m + S 27r 


J f B’nicos y)UmniB', (^)') Sill d'd^'dd' 


and a corresponding formula for Bn- On the other hand» 
by a converse application of the same principle, each 
Umn{d', 4>') and v„^n(d', <{>') can be represented by an 
expression 

m 

(27) ^aoMmo(7. 1^) + S [oikUmkiy, 4 ') + ^kVmkiy, ’/')], 

k=l 


with coefficients varying, of course, from one function to 
another of the set in question. 

If F{d', 4>') —H{y, 4/) is any function expressed alter- 
natively in terms of the two coordinate systems. 



F{d',<t>') smd'd4>'dd' 



H{y,4d sin y d4/ dy. 


either formula representing integration of the function 
over the whole surface of the sphere. Let (27), assumed 
for the moment to represent Umn{d', be substituted 
under the sign of integration in (26), and let the integra- 
tion be thought of as performed with respect to y and 
4^. Since Pm{cos y) is orthogonal to each of the functions 
^mkiy, 4^), Vmkiy, 4^) for and since «mo( 7 . 'P) 

= Pm (cos 7 ), 
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/;/: Pm{co& y)u,nniO', 4>') sb B'd4>'0 

= J* J* |ao lPm(cos y) sin 7 # 


so that 




2 ira!o 

2 w + 1 


■A.fi 


(m — n) I 

ao. 

(m + n) I 


But the value of ao can be found explicitly by setting 
7 = 0 in (27), which is still understood to be a representa- 
tion of Umn{6', When 7 = 0 , 0' and 4>' reduce to 6 and 
<f>] Mmo(7, 4 ') =Pm(cos 7) has the value 1 ; and each term 
under the sign of summation vanishes, having a positive 
power of sin 7 as a factor. So 

{m — n)\ 

2 CXQ = ~ 2 - ^ 

[m n)\ 

Similarly, by substitution of ^0 br Umn(d', <t>'), 

(m — n)\ 

Bn = 2 4>) . 

{m -j- n) ! 


The calculation of A„ is valid in particular for w = 0 : 

0 2tijno(d j ^) . 

On substitution of these coefficients in the repre- 
sentation (25) of Pm (cos 7 ) and comparison with the 
expression for Gm in (23) it is seen that the two are 
identical. Consequently 

2w+ 1 

Sm = I j f{B', <j>')Pm{cos y) sin 6'd4>'dd', 

4t Jo J-r 
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COS 7 being given by (24). When Sm has been calculated, 
the Laplace series (13) is merely 

As an application of this result, the formula corre- 
sponding in three dimensions to Poisson’s integral in §6 
of Chapter IV can readily be derived. The function 
u{p, 9, <i>) in the formula preceding (13), the solution of 
the boundary value problem in the sphere, is J]" p”‘Sn, 
which is now seen, formally at least, to have the repre- 
sentation 

uip, d,<f>) = — f f fie', e, <i>, 9', <!>') sin e'd<i>'dd', 
At Jo J -T 

where 

CO 

$(p, 9, (j), 9', <!>') = 53 (2?w + l)p”‘Pm(cos 7 ). 

m=sO 

By (1) and (2) of Chapter II, 

00 

53 p’”Pm(C 0 S 7 ) = fl'fcosy, p) = (1 — 2p cos 7 -f p2)“l/^ 

m— 0 

the series being convergent for all values of 7 when 
O^p < 1 , since | Pmix) \ ^ 1 for |x| ^ 1 ; and 

CO 

52 mp^P Ucos 7 ) = p(a/3p)£f(cos 7 , p) 

in=s=0 

= (pcos 7 — p^)(l — 2 pcos 7 -bp^)"®^^. 


Thus the representations of $ and u take the form 


4>(p, 9, 4>, 9', <^.') = (l-p2)(l-2p cos 7 +P^)-'^^ 
m(p, 9, (j>) 


1 

4t 


»/ 0 


sin 9'd<j>'d9'. 

(l- 2 p cos y+p^yi^ 
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This is Poisson’s integral in three dimensions. It may be 
noted that if M' is the point inside the sphere with 
spherical coordinates (p, d, <f>), and P the point on the 
surface with coordinates (1, 6\ 1 — 2p cos 7+p^ is the 

square of the distance M'P. A similar interpretation is 
possible in (24) of Chapter IV. 

7. Completeness of the Laplace series. It may natu- 
rally be inquired what reason there is for anticipating 
that the set of particular functions from which the 
terms of the Laplace series are formed will be sufficiently 
general in the aggregate to serve for the representation 
of an arbitrary function on the surface of the sphere. A 
complete discussion of this question would not be in 
place here, and would in particular require a careful 
statement of limitations on the type of “arbitrariness” 
to be admitted, but conclusions of a high degree of 
generality will be apparent if the following observa- 
tions are accepted as self-evident or plausible : 

a) If f(d, <}>) is a continuous function on the surface 
of the unit sphere, pf{d, 0) is a continuous function in 
three dimensions ; 

b) By Weierstrass’s theorem on polynomial approxi- 
mation as formulated for functions of three variables, 
any continuous function in a bounded region of space 
can be uniformly approximated with any assigned de- 
gree of accuracy by polynomials in {x, y, z ) ; such ap- 
proximation throughout a three-dimensional region in- 
cluding the unit sphere then yields in particular an 
approximation on the surface of the sphere; 

c) The values of any polynomial on the surface of 
the sphere can be expressed by means of the identity 

= l as surface values of a polynomial con- 
taining no power of s higher than the first ; 

d) In particular, each of the 
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1 + 3 + 5 + • • • + (2w + 1) == (w + 1)2 

homogeneous harmonic polynomials of degree can 
be expressed on the surface as a linear combination of 
the + monomials in which i-\-j+h'^m and 

e) If the determinant of the (m+1)^ coefficients in 
this representation were zero, there would be a linear 
relation connecting the values of the polynomials on the 
surface, i.e. connecting the spherical harmonics in d and 

to which they reduce there ; 

f) There can be no linear relation connecting any 
finite number of the functions Umn, Vmn, whether with the 
same or different values of m; for if one of them were 
linearly expressible in terms of the others, being orthog- 
onal to each of the others, it would be orthogonal to 
itself, and so identically zero ; 

g) The equations in d) can be solved for 

the monomials in terms of the homogeneous harmonic 
polynomials; 

h) Any polynomial, and in particular the approxi- 
mating polynomial in b), can be linearly expressed on 
the surface of the sphere in terms of homogeneous har- 
monic polynomials, i.e. in terms of the spherical har- 
monics Umn, Vmn with various values of m. 

That is to say, in summary, any continuous function 
on the surface of the sphere can be uniformly approxi- 
mated there by means of spherical harmonics with any 
desired degree of accuracy. 

8. Boundary value problem in a cylinder; series in- 
volving Bessel functions of positive order. In the first 
boundary value problem of §9 in Chapter IV, if the 
functions are not supposed to be independent of 4>, 
(30'> and (31) are to be replaced by 
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6% 1 5m 1 d-u 

(28) H ^ + 0, 

dr^ r dr d4>^ dz^ 

(29) m( 1, <^), z) 0, u(r, (j>, b) = 0, u(r, 4>, 0) = /(r, <j>). 

The usual procedure, with substitution of a product 
R(r) F{(j>) Z(z) for u in (28) and with notation for the 
constants as indicated, leads to the formulas 

1 1 

R"FZ + — R'FZ + —RF"Z + RFZ" = 0, 
r 

R" + (l/r)R' 1 F" _ Z" _ 

R ~ ” Y" " ~ ^ ’ 

r^R" + rR' 

+ W = fi 

R 

1 / n^-\ 

(30) R" + — + ( X2 - — j i? = 0. 

The equation Z" =\^Z has as a combination of and 
the solution sinh \{b — z), which vanishes for z = 6. 
The equation F"= -n-F has the solutions cos w<^ and 
sin ncj), which for integral n remain unchanged on re- 
placement of one value of the ^-coordinate by another 
belonging to the same point and so differing from the 
first by an integral multiple of 27r. By §8 of Chapter III 
the equation (30) has for a solution J„(Xr). 

If Xni, X„ 2 , • • • are the positive roots of the equation 
J„(X)=0, (28) and the first two conditions of (29) are 
satisfied by 

sinh \nk{b — z) cos M^/„(Xnjtr), sinh X„*(6 ~ z) sin fupJ^iXnkr) 

for M = 0, 1, 2, • • ■ , ^ = 1, 2, ■ • ■ , the value n = 0 being 
omitted, of course, in the case of the sine. The discussion 
continues with the formulas 
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u(r, (f), z) = — 23 “0*^ ^ok(b ~ z)J o(\ok^) 

2 k=i 
00 00 

+ 23 X) sinh Xnk(b — z)(ank cos n<f> 

»=i A=i 

1 ^nk sin 

1 A 

u(r, (j), 0) = f(r, ((>) = — 2^ aokJoO^ok^) 

2 k-i 

(31) „ „ 

+ 23 23 i^rik cos n(j> 4- bnk sin n<i>)J ^{\„kr) , 

n=l fc=l 

CCnk ~ ^nit/sinll \nkb, ^nk ~ ^^nfc/sinll \nkb. 

The functions cos JnQ^nk^) and sin 
considered for all the pairs of subscripts which enter into 
(31), form an orthogonal set, in the sense that the inte- 
gral of the product of any two distinct functions of the 
set over the unit circle in the (r, (^)-plane is zero. 
If F(r, <j5>) is any function of these variables its integral 
over the circle is 



1 

F(r, <j)) r dr d<j). 


For F(r, 4>) — cos M<^/n(Xnfcr) cos nupJmQ^mhr) the integral 
reduces to the product 

(32) J cos n(j} cos in<j} d^ J rJn(\nkr)Jm0^mkr')dr. 

Here the first factor is zero if niT^n, and the second 
factor is zero, by §8 of Chapter III, if m = w, k 9 ^k. There 
is a corresponding calculation, of course, for the prod- 
ucts involving sin sin md> or cos nd> sin m<i>. 

If dnk denotes the value of the second integral in (32) 
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when h=k (see (19) in Chapter III), the coeffi- 
cients in (31) are 

(Ink = — ( f /(f, (f>) COS r^Jnilnkf) f df d(f>, 

T(dnk d -rd 

ink == f f j(r, sin nd>Jn^kr) r dr dd>, 

T^dnk d ^rd 0 


the formula for ank being valid in particular for «=0. 

It may be noted that the terms of (31) having cos nd> 
as a common factor, for a fixed value of n>0, are ob- 
tained by multiplying by cos the expansion of the 
function 

1 p 

fn{r) — j{r,<j>) cos n^dd> 

TT d_^ 


in a simple series of the functions JnQ^nkr), with a similar 
remark for the terms involving sin luj). The double series 
may therefore be regarded as involving incidentally an 
application of this type of expansion as discussed in 
Chapter III. 

Supplementary references; Byeriy; Churchill; Whittaker and 
Watson, Chapter XVIII; Hobson (2); Gray, Mathews, and Mac- 
Robert; Kellogg: Courant-Hilbert; Riemann-Weber. 



CHAPTER VI 

THE PEARSON FREQUENCY FUNCTIONS 

1. The Pearson differential equation. The subject 
matter of this chapter has at first sight no obvious con- 
nection with what has gone before, but is introduced 
here to serve as a background for subsequent develop- 
ments (see §10 in Chapter VII). 

A class of functions proposed by Karl Pearson for the 
representation of statistical frequencies, and extensively 
used for that purpose, is defined by the differential 
equation 

\ d y Z? -f E x 

( 1 ) = , 

dx A -f Bx -f Cjl‘2 

in which A, B, C, D, E are constants. The “normal” 
frequency function satisfies this equation with 
£=— 1 , .4 = 1, B = C=D = 0 . The Pearson functions 
may be regarded as a generalization starting from this 
as a particular case. The resulting types of function 
will obviously be subject to classification depending on 
the characteristics of the denominator A-\-Bx-\-Cx^, 
namely whether it is actually of the second or of lower 
degree, and, as regards behavior for real values of the 
variable, whether the roots of the equation obtained by 
setting it equal to zero are real or complex. 

2. Quadratic denominator, real roots. Let it be sup- 
posed first that and that the equation 

(2) 4 4- 5a: -f = 0 
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has distinct real roots o, b, with a>b. After division of 
numerator and denominator in the right-hand member 
of (1) by the non- vanishing constant C, the differential 
equation can be written in terms of partial fractions in 
the form 

1 dy „ /3 

(3) — -^ = -f 

y dx % — a X — b x — b a — x 

a and jS being constants. 

The expression in the third member of (3) being pre- 
ferred for initial consideration because both denom- 
inators are positive in the interval b<x<a, the general 
solution is given by 

log y = (3 log (x - b) + a log (a - a;) + K, 
y = k{a — x)^{x — by. 

This function is real in the interval (6, a) (when k is 
real) for arbitrary real exponents a, /3. It takes on the 
value 0 for jc = a if o; > 0, takes on a value different from 
zero if a = 0, and becomes infinite if a<0. (It is assumed 
that k 9 ^ 0 .) There are corresponding types of behavior 
at the other end of the interval. For the interpretation 
as a frequency function, and also for the application to 
the theory of orthogonal polynomials which is important 
for the present exposition, y must be integrable over 
the interval (b, a) . This requires that a> — l,i3>— l,a 
divergent improper integral being obtained otherwise. 
In the applications furthermore the factor k will be 
positive. 

The derivative dyfdx vanishes when x has the value 
Xo = {ab -}- ^a)/{a + |3). 

If a and jS are both positive or both negative, J <Xo <a. 
In the former case y vanishes at a and b and is positive 
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between (for k>0) and consequently has a maximum 
in the interior of the interval, which must be at the 
point .r = Xo. If the exponents are negative, x=xo gives a 
minimum. Let x'=x — Xo, c = a—xo, d = XQ — b; then the 
function becomes 



with yo~kc°‘d^, and cjd=a(P; here yo is the maximum 
(or minimum) ordinate in the interval, attained for 
;c' = 0. 

Without regard to the maximum or minimum, and 
without regard to the values of a and jS (which may or 
may not now be of the same sign), the interval (b, a) 
can be reduced by a linear transformation of x, i.e. a 
transformation of the form x'—gx+h, to the interval 
(—1, 1). That is to say, under the present hypothesis of 
distinct real roots, the denominator in (1) can without 
essential loss of generality be taken at the outset as 
1 —X-. This form of specialization will be preferred in the 
subsequent discussion of orthogonal polynomials. 

Integration of (3) on the basis of the form of repre- 
sentation in the second member instead of the third 
gives 

y = k(x — a)“(.'c — by. 

If b<a this function is real for arbitrary a and /3 on the 
infinite interval x>a. For integrability at the lower end 
of this interval it is requisite that o; > — 1. As x becomes 
infinite, y is of the order of magnitude of and the 
requirement for convergence when the integration is 
extended to infinity is that — For the sta- 

tistical applications it is necessary also that faX^y dx 
exist for a certain number of positive integral values of 
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p, i.e. that the frequency distribution represented by 
the function y have finite “moments” of corresponding 
orders. For finiteness of the ^th moment it is necessary 
that a+^-j-p < — 1. 

A third form of solution coordinate with the two 
preceding, but not different from the second in its 
essential characteristics, is y = k{a — xY{b — xY , real for 
arbitrary a and |S on the interval ( — w, h) if h<a. 

In the case that (2) has equal roots it may be sup- 
posed without essential loss of generality that the double 
root occurs for x = 0, since this can be brought about by 
a linear transformation of x. Then (1) has the form 

\ dy a 

y dx X- X 

Integration gives 

log y = - a/x -f /3 log X* + K, 
y = 

This is real for arbitrary (and arbitrary a) when x >0. 
The exponential factor approaches 1 as x becomes in- 
finite, and convergence of the integral of the function 
over an interval extending to infinity demands that 
|S< — 1; for a finite ^th moment, /3-}-p< — 1. Then y is 
not integrable over an interval extending to the right 
from x: = 0 if a^O, but is integrable if a>0, without 
further restriction on 

3. Quadratic denominator, complex roots. When the 
roots of (2) are complex the differential equation, after 
a preliminary change of origin for x if necessary, can be 
taken as 

1 dy 


aa -f- 2^x 
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the value of a >0 in the denominator being given, the 
— sign and the coefficients a and 2 in the numerator are 
arbitrary items of notation which affect merely the 
definition of the constants a and jS. The solution then is 

log y = — a arc tan (x/a) — ^ log {x^ + a^) + K, 

or arc tan (z/a) 

'' (x2 + a^y 

This is real for all real values of x if the constants are 
real. The exponential function in the numerator is con- 
tinuous for all values of x, and approaches the limits 
Q±ari 2 ^ becomes negatively or positively infinite, and 
so has no effect one way or the other on convergence of 
the integral of y from — <» to <» . The form of y is of 
course particularly simple if a = 0. As a; becomes infinite 
in either direction, y is of the order of magnitude of 
x~‘^. The requirement for convergence of the integral 
over the infinite interval is that and for finiteness 
of the pth moment, that P>(p-\-l)/2. 

4. Linear or constant denominator. If C = 0, B^O 
in (1), it is possible by a change of origin for x to replace 
A by 0. The differential equation then takes the form 

I dy a 
y dx X 

The solution is 

log y — a log X — ^x K, 
y = kx“e~^^. 

This is real for x>0, the constants being supposed real. 
The condition for integrability near x = 0 is that a > — 1 , 
and integrability to infinity then requires that jS>0. 
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When these conditions are satisfied the integrals de- 
fining moments of all positive orders are convergent. 

By a further linear transformation of x, leaving the 
origin unaltered but changing the scale of measurement 
along the ar-axis, the coefficient in the exponent can 
be replaced by 1. The function then is except for a 
constant factor the integrand in the ordinary integral 
representation of r(a4-l)- On the other hand, a super- 
ficially more general but essentially equivalent form 
would have been obtained if the constant term had not 
been removed from the denominator in the differential 
equation by shifting the origin at the outset. 

If B — C—0, simplification of the numerator in (1) 
by a change of origin reduces the differential equation to 

1 dy 

fix, 

y dx 

with solution log y=~i^x^-^K,y = ke~^^^^^.With real 
constants this function is real for all real values of x. 
For integrability over the interval ( — «> , « ) it is neces- 
sary that i3>0; when /3>0 the moments of all orders are 
finite. By a change of scale for x the value of /3 can be 
reduced to 1, and y is then a constant multiple of the 
normal frequency function in the particular form re- 
ferred to in §1. 

5. Finiteness of moments. It will be seen in later 
chapters that functions satisfying the Pearson differen- 
tial equation (1) are of particular importance as “weight 
functions” for systems of orthogonal polynomials on the 
appropriate intervals. To serve in this connection, how- 
ever, a function must not only be integrable itself over 
the interval in question, but must be such that when 
it is multiplied by an arbitrary polynomial the product is 
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integrable over the interval. That is to say, the corre- 
sponding moments of all orders must be finite. In the 
case of a finite interval this requirement imposes no 
additional restriction; but it is fulfilled only by the 
functions of §4 among those for which the interval is 
infinite. There are then just three types of solution to be 
considered further in the present discussion : that of §2 
with a finite interval, that of §4 with an interval infinite 
in one direction, and the other type in §4 with an in- 
terval infinite in both directions. To these types corre- 
spond respectively the Jacobi, Laguerre, and Hermite 
polynomials. It is to be noted that in each of the cases 
specified the product of the function by the denominator 
A+Bx+Cx^ vanishes at the ends of the interval, 
whether this is finite or infinite in extent. 

Supplementary references: Elderton; Pearson; Rietz. 
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ORTHOGONAL POLYNOMIALS 

1. Weight function. It is seen by reference to §3 of 
Chapter V that 

J (i-iV»WW(*)<i* = o 

if Pm{x), Pk{x) are Legendre polynomials of different 
degrees. This relation can be described by saying that 
the functions (1 —x^Y’^PJi (x), (1 —x^Y^^Pk (:»:)are orthog- 
onal to each other over the interval ( — 1, 1). It can 
be alternatively expressed, in a more significant manner 
for the following discussion, by saying that the poly- 
nomials Pri, ( 3 ;), Pk {x) themselves are orthogonal uith 
respect to the weight function \ More generally, the 
polynomials Pi\x), Pk\x) are orthogonal with re- 
spect to (1 —o^Y as weight function, if n is any positive 
integer. The concept of systems of polynomials orthog- 
onal with respect to a weight function will be dominant 
from now on. 

In the relation 

(1) I cos mB cos k$d6 = 0, m 9^ h, 

J 0 

let j[: = cos 6, dx = — {\—x^Y^HQ. The function cos m6 
can be expressed as a polynomial of the mih. degree in 
cos 0\ 


cos nt0 = Cto(cos 6) = Cm(a:), 
149 
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and similarly for cos kB. Thus (1) takes the form 

J\l - x^)-^iH:n.{x)C,{x)dx = 0 . 

The polynomials Cm{x), m — Q, 2, ■ • ■ , are orthogonal 
for weight function (1 — (The designation of the 
interval of integration, which is of course essential for 
completeness of statement, will not be repeated in 
every instance when it has once been made clear.) The 
function sin (m+l)0 has the expression 

sin {m H" 1)^ = sin 8 5b,(cos B), 


where Sm is a polynomial of the mth degree. The rela- 
tion 



+ 1)0 sin {k + 1)0 dS 


= 0 , 


m 9^ k. 


is equivalent to 

x^yi^S„.{x)Sj,{x)dx^{i. 

The polynomials Sm(.x) are orthogonal for weight (1 

The polynomials Cmix) and Sm(x) are called trigono- 
metric polynomials or Tchebichef polynomials. Together 
with the Legendre polynomials and the derivatives of 
the Legendre polynomials they are particular cases of 
Jacobi polynomials, one of three important types to 
which special attention will be given in later chapters. 
The name Tchebichef polynomials is also applied more 
generally to systems of polynomials orthogonal with 
repect to an arbitrary weight function.* The present 


* In the theory of the approximate representation of a given func- 
tion by means of polynomials, the designation Tchebichef polynomial 
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chapter is concerned with the beginnings of a general 
theory of such orthogonal systems. 


2. Schmidt’s process. Let <l>o(x)f (i>i(x), <f> 2 ix), • • • 
be an arbitrary sequence of functions on an interval 
(a, b), subject merely to conditions of integrability and 
linear independence. Throughout this chapter the in- 
terval {a, b) may be replaced by an infinite interval 
{a, 00 ) or by the interval ( — °°, «>), provided that all 
the integrals in question exist. It is assumed that every 
linear combination Tp=Mo4>o-h • • • of a finite 

number of the 0’s, with constant coefficients ko, ■ • • , kn 
not all zero, is different from zero on a set of points 
sufficient to make the definite integral of 0® over the 
interval different from zero (and so necessarily positive). 

Let 



go(x) = <l>o{x)/da 


1/2 


SO that fl[goix)Ydx — l. Let 
Glix) = 0i(x) — Ciogoix), Cio 

r 2 

= J [Gi(z)]<iz, gi{x) 


Then 


/ b pt b 

Gigodx = 0 = J gigodx, 


J M^)go(x)dx, 


Gi(x)/dr. 


r’’ 2 

I gidx = 1. 


In general, let functions g 2 (x), gsix), • ■ • be defined 
successively by the relations 


is used in a still different sense to refer to the approximating poly- 
nomial of specified degree for which the maximum error is as small as 
possible. 
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Gn{x) = <i>n(x) - 2 <^nkgk(x), C^k = I <i>^{x)gk{x)dx 

k=^Q ^ a 

/ * ^ 2 1/2 

['Gn(3^) ] dx, gn(,x') — Gn^X) / dll • 

a 

It follows immediately from the definition that each 
is orthogonal to go, • • ■ , gn-i, and is normalized, i.e. 
has 1 for the integral of its square over the interval 
(o, h) . Since the relation of orthogonality is symmetric, 
it can be said equally well that any two of the g’s are 
orthogonal to each other. The fact that the g’s are both 
orthogonal and normalized is summarized in a single 
word by calling them orthonormaL If the 0’s in particular 
are the functions 1, x, ■ on the interval ( — 1, 1), 

the corresponding g’s are the normalized Legendre poly- 
nomials (see §6 of Chapter II). 

This procedure for constructing an orthogonal sys- 
tem from an arbitrarily given set of functions is com- 
monly referred to as Schmidt's process of ortho gonaliza- 
tion* 

The function g„ is a linear combination of 0o, • • • , (f>n 
(the phrase linear combination will be understood always 
to mean linear combination with constant coefficients), 
and conversely, since the coefficient of 0„ in the expres- 
sion for g„ is different from zero in each case, the rela- 
tions connecting the 0’s with the g’s can be solved suc- 
cessively for the 0’s, and 0n is a linear combination of 
go, • • • , gn. It follows that g„ is orthogonal to every 
linear combination of 0o, • • • , 0n-i- 

* See E. Schmidt, Zur Theorie der Unearen und nichtlinearen 
Integral gleichungen. I. Teil: Entwicklung willkilrUcher Funktionen 
nack Systemen vorgeschriebener, Mathematische Annalen, vol. 63 
(1907), pp. 433-476; pp. 442-444. 
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If y{x) is any linear combination of 0 o, ■ • • , <i>n 
which is orthogonal to each of the functions • • • , 
it must be a constant multiple of This is 

apparent from the process of construction of gn{x), in 
which cio and the subsequent coefficients Cnk in the 
functions Gn{x) are uniquely determined by the re- 
quirement of orthogonality at each step, the coefficient 
of 4>n{x) being unity, although the property of orthogo- 
nality taken by itself admits multiplication of the whole 
expression Gn{x) by an arbitrary constant factor; or it 
can be proved at a single stroke as follows. If a»>0 and 
an are the coefficients of in gn and 7 respectively, the 
expression — {al /ar)gn does not contain 4 >„; it is a 
linear combination of ^0, • • * , 4>n-i which is orthogonal 
to each of these functions, and so orthogonal to itself, 
i.e. the integral of its square over the interv’-al is zero, 
and this signifies that the coefficients by means of which 
it is expressed in terms of 0o, • • • , ^n~i must all be zero, 
by the hypothesis of linear independence of the ^’s. If 
it is further specified that 7 is normalized and a„' ^0, 7 
must be identical with gn- 

3. Orthogonal pol 3 moniials corresponding to an arbi- 
trary weight function. Let i>{x) be a non-negative func- 
tion which is integrable over (a, b), and is actually 
positive on a set of points such that its definite integral 
over (a, b) is positive. In the most important applica- 
tions p{x) will be continuous and positive throughout 
the interval except possibly at the end points, where it 
may vanish or may become infinite. In the case of an 
infinite interval it is to be assumed that the product of 
p(x) by an arbitrary polynomial is integrable over the 
interval. Let the products [p(a:)]^%*', k = Q, 1, 2, • • • 
be taken as the functions <f>k{x) of the preceding section. 
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The corresponding functions g„(3c), being linear com- 
binations of these, will be of the form [p{x)Y'^Pn(x), 
where pn(x) is a polynomial. 

The polynomials Pn(x) are the normalized orthogonal 
or orthonormal polynomials with p{x) as weight function. 
They satisfy the conditions 


J* p{x)pm{x)pn{x)dx - 0, 

j\(,x)lp^ix)Ydx = 1. 


m 7 ^ n, 


Each is of the degree indicated by its subscript, the term 
in having a positive coefficient. These properties de- 
termine the system of polynomials Pnix) completely. 

Every polynomial of the «th degree can be expressed 
as a linear combination of pnix), • • • , pjx)- Each pn{x) 
is orthogonal to every polynomial of lower degree with 
respect to the weight function p{x), i.e. if q{x) is any 
such polynomial, 


X 


p(x)Pn(x)q(x)dx — 0 . 


These facts are immediate corollaries of the general 
results previously obtained. 

Some of the properties of Legendre polynomials 
developed in Chapter II carry over to general systems 
of orthogonal polynomials. Others are associated only 
wi4h particular types of weight function, while still 
others, of course, are peculiar to the Legendre poly- 
nomials themselves. Some of the generalizations, com- 
plete or partial, will be brought out in the following 
pages. 
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4. Development of an arbitrary function in series. 

The polynomials Pn{x) can be used for the formal ex- 
pansion of an arbitrary function in series in essentially 
the same way as the orthogonal functions of the earlier 
chapters. The formulas are complicated by the presence 
of the weight function, but are simplified, on the other 
hand, by the fact that the p'& are normalized. In the 
relation 

(2) f(x) = CoPo{x) CiPi{x) + ■ * ■ 

multiplication by p(x) Pk(x), followed by integration 
from a to b, gives 

(3) ^ f 

If f(x) is any function such that the integral in (3) 
exists for each value of k, this formula can be used to 
define a sequence of coefficients c*, and in analogy with 
the cases previously considered the series J2^tpk(x) can 
then be studied on its own merits, without a priori 
assumption as to its convergence. 

Let 5n(3c) denote the partial sum of the series in (2) 
through terms of the nth degree : 

(4) S„(x) = Copo{x) -1- Cipi{x) + • • • + C^pn{x). 

If t is used as variable of integration in place of x in (3), 
and if the resulting expressions for the c’s are substituted 
explicitly in (4), it is found that 

(5) Snix) = r p{t)fit)K.{x,t)dt, 

J a 

with 

ti 

(6) Kr^ix, t) = x) = s; Pk{t)pk{x). 
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In particular, if fix) itself is a polynomial of the «th 
or lower degree, /( a:) —Tn(x), it is known from the preced- 
ing section that a representation of the form (2) exists, 
the right-hand member being a finite sum instead of an 
infinite series. The procedure for determining the coeffi- 
cients then applies without question of convergence, 
and the coefficients are given by (3). In this case Snix) 
is the same as iVnix), and Vnix) is reproduced identically 
by the formula 

(7) TTnix) = f p(t)Tn(i)Kn(x, t)dt. 


5. Formula of recurrence. The product x^„(3c), as a 
polynomial of the (»-|-l)st degree, is expressible in the 


form 


(8) 

n+1 

Xpnix) = '^Cr.kpkix), 

with 


(9) 

Cnk = 1 pix)xpnix)pkix)d 

^ a 


If k<n—\, xpkix) is a polynomial of degree k + \<n, 
and since pnix) is orthogonal to every such polynomial 
with respect to the weight function p, all the coefficients 
Cnk with k<n — \ vanish. Let ak denote the coefficient of 
x^ in pkix) for each value of k. Comparison of the 
coefficients of 3:"+^ in (8) gives c„,„+i = fl„/an+i- Since 
furthermore Cnk=Ckn for all values of n and k, by (9), 
Cn,n.-\ — Cn~\.n=a,7i-\/an- Thus (8) rcduccs to the follow- 
ing formula of recurrence connecting any three succes- 
sive p'&‘. 
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^71 1 

(10) Xpni^X) ~ ”i~ ^»n^n(^) "1~ ^n— 1(^)* 

®n+l 

If for convenience of notation a symbol p-i(x) is intro- 
duced and defined as having the value 0 identically, 
with a-i — O, (10) may be considered to hold for n = 0 
as well as for positive values of n. 

If bk denotes the coefficient of in pk(x), so that 
pk{x)=ah x^-{-bk • • • for each k, c„„ is found by 

comparison of the coefficients of in (10) to have the 
value 

_ bn &n+l 

Cjifi = “ 

6. Christoff el-Darboux identity. Let (10) be multi- 
plied by pn(t ) : 

Xpnix)pnit) — pn+l{x)p„{t) 

O’n+l 

+ Cnnpnix)pnit) + pn-l{x)pn{t) . 

dfi 

If this is subtracted from the corresponding identity 
with i and x interchanged, the term Cnnpn{t)pn{x) cancels, 
and the result may be arranged in the form 

{t x)pn{i)pn{x) — [pfi’+l(.^)Pn(.x) PniO Pn+l{x) \ 

O'n+l 

[Pnit)pn-lix) - p„^i(i)pnix)]. 
an 

Let this be written also with n replaced successively by 
» — 1, w — 2, ■ ■ • , 0. By addition of the set of n-fl rela- 
tions thus obtained, 
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” o„ 

(/ X) p h(f) P kix) = \,Pn+li,i')pn(.X) ~~ Pn{i)pn+lix)^, 

J :=0 

or with the notation of (6) 

O'n Pn+l(/)pn(.x') p-nii) pn+l(,X) 

Knix, t) = 

®»+i i X 

This identity, which in the case of Legendre poly- 
nomials is essentially that of Christoffel, was general- 
ized by Darboux* to systems of orthogonal polynomials 
with an arbitrary weight function. 

7. Symmetry. As a special hypothesis of some inter- 
est, let the interval of orthogonality be an interval 
(— c, c) (or (— 00 , oo)), symmetric with respect to the 
origin, and let p{x) be an even function. If q{x) is a poly- 
nomial, q( — x) is a polynomial of the same degree. Let 
q{x) denote an arbitrary polynomial of degree lower 
than the wth. In the integral 


I '■ J Pix)pn{~ x)q(x)d:k 
let t= —x; then 

•f = J' p(- i)prXt)qi~ i)dt = J p{t)prXf)qi- t)dt = 0, 


since pnit) is orthogonal to every polynomial of lower 
degree wdth respect to the weight function. The vanish- 
ing of I means that pni—x) has the same property of 
orthogonality. Furthermore, pn{—x) is normalized, and 
( — x) has a positive coefficient for z:". Conse- 
quently {—lYpn{~-x) is identical with pn{x). That is to 


* See Darboux, pp. 411-414. 
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say, pn{x) contains only even powers of x or only odd 
powers of x, according as n is even or odd. 

In particular, the coefficient denoted by bn in §5 is 
zero for all values of n in the case of symmetry under 
discussion, and in this case therefore c„„ = 0 in (10). f 

8. Zeros. By an argument which as applied to the 
special case of Legendre polynomials may be regarded 
as a supplement to Chapter II, but which is equally 
simple when formulated for the orthogonal polynomials 
corresponding to an arbitrary weight function on an 
arbitrary interval, it can be shown that the roots of the 
equation pn(x) = 0 are all real and distinct and interior 
to the interval (a, b). If the interval is (— co, »), the 
conclusion is merely that the roots are real and distinct. 

Since pn{x) is a polynomial of the wth degree, an 
equivalent assertion is that pn{x) changes sign n times 
in the interior of the interval. In the first place, since 
pnix) is orthogonal to a polynomial of zero degree with 
respect to the weight function, if n>0, 



p{x)pn{x)dx 


= 0 . 


This would certainly not be true if pn{x) did not change 
sign in the interval at all. Suppose it changes sign be- 
tween a and b at just m points x\, x^, ■ ■ ■ , Xm- Let 


7r(a:) = {x - Xi){x - Xi) ■ ■ ■ {x ~ x„), 


a polynomial of the mth. degree. The product ^n(^) Tr{x) 
does not change sign in the interval : 


L 


p(x)pnix)Tr(x)dx 9^ 0 . 
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If m<n, this contradicts the property of orthogonality 
of pn(,x). It must be therefore that m=n. 

9. Least-square property. Let f(x) be an arbitrary 
function, subject to conditions of integrability, and let 
Ck and Sn{x) be defined by (3) and (4). Let r„(x) =f{x) 
—Snix). As an immediate consequence of the definitions, 


( 11 ) 


J p{x)s^{x)pk{x)dx = Ck, 

J* p(x)rn{x)pk(x)dx =0, ^ = 0, 1, 




Let TTnix') be an arbitrary polynomial of the nth degree at 
most. Let 

n 

^ !/ dkpk(,^')i 

y§ 

so that ir„(a:) reduces to Sn(x) if the d's are zero, and 

f(.x') TTni^x') — Tfii^x') 5n(x). 


The integral of the square of the error of 7r„(x) as an 
approximating function for/(x), weighted from point to 
point of the interval by the factor p(x), is 


r p(^)[/(a=) — Tn{x)y~dx 

“ b 

= I p(x)[rnix) — dnix)Ydx 

/ h p b 

p{.x)[rr,{x)]Hx — 2j p(x)r„(x)5„(x)i 
+ J" p{x)\8n{x)\^dx. 
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But by virtue of (11) and the expression of dn(x) in 
terms of the p’s 


/ p(x)rnix) 8 nix)dx = 0 , I p(x)ld„(x)fdx 

a a 


" 9 

E*. 




Consequently 

/ * b ^ b 

p(x)[f{x) — Trn{x)Ydx > I p(x)[r„(a;)]2ia; 

a a 


unless all the d’s vanish. The polynomial can be 
characterized among all polynomials of the nth or lower 
degree as the one for which the integral of the weighted 
square of the e. ror is a minimum. 

In particular, let/(ac) be the function x'^, and let the 
c's be the coefficients by means of which x" is expressed 
in terms of the p's: 


X” Copoi^x') "{“ Clpl(^X^ "b • • • “{~ Cnpni.x') . 


Let the conclusion of the preceding paragraph be applied 
to the approximation of x" by polynomials of degree 
W'-l at most. The polynomial of best approximation in 
the sense of the least-square criterion is 

>^n-l(ic) = Copo(-x) -|- Cipl{x) + ■ • • T Cn-lPn-l(x). 

But 

X" 5,1— i(x) Cnpn(^x') . 


The polynomial pn{x) is determined except for a constant 
factor by subtracting from x” the polynomial of degree n — 1 
at most which makes the integral of the weighted square of 
the difference a minimum. 

10. Differential equation. Let it be supposed now 
that p(x) satisfies a differential equation 
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p'ix) D + Ex 
p{x) A Bx-\- Cx^ 

in which A, B, C, D, E are constants, and that {A-\-Bx 
■\-Cx^)p{x) vanishes at the ends of the interval. This is of 
course a highly restrictive assumption, but the particu- 
lar weight functions which satisfy it are those of the 
greatest theoretical and practical importance. The equa- 
tion (12) is the Pearson differential equation of Chapter 
VI, which was treated there because of its bearing in 
the present connection. The argument of this section can 
be read without reference to the earlier chapter, how- 
ever, except that in the case of an infinite interval it is 
to be assumed as a supplementary hypothesis, if not as 
known otherwise, that the product of p{x) by an arbi- 
trary polynomial approaches zero as x becomes infinite 
in the interval. Under the conditions stated it is to be 
shown* that pn{x) satisfies a differential equation of the 
form 

<xix)pff{x) + p{x)pn (x) + ynpn{x) = 0, 

in which a(x) is a polynomial of the second degree, spe- 
cifically A-\-Bx-\-Cx^, fi(x) is a polynomial of the first 
degree independent of n, and depends on n hut is inde- 
pendent of X. 

Let g«(x) be an arbitrary polynomial of degree m<n. 
Let the denominator A-\-Bx-\-Cx^ be denoted by G{x). 
In the integral 

■^ = r qM~{G{x)p{x)pl{x)]dx 

* See M. Marden, A rule of signs involving certain orthogonal poly- 
nomials, Annals of Mathematics, (2), vol. 33 (1932), pp. 118-124; 

p. 120. 
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let integration by parts be applied with 

« = qm{x), dv = ~ [G{x)p{x)p^ i.x)]dx, 

dx 

du = qJl {x)dx, V - G{x)p{x)pn (a?)* 

The function uv, being the product of G{x) p{x) by a 
polynomial, vanishes at both ends of the interval, and 

/ = — J* G(x)p(x)pJl {x)qj[ (x)dx. 

Let another integration by parts be performed, with 
« = G(x)p(x)qJ {x), dv = pn ix)dx, 

du = — [G(x)p{x)qJ {x)]dx, V - pM‘ 


Again uv vanishes at both ends of the interval, and 

= f pn(x) — [G(x)p(x)qJ (x) ]dx. 

J a dx 

But 

[G(x)p(x)5,»'(a;)] 

dx 

= {B+2Cx)p{x)q^ (x)-fG(x)p'(*)?m' {x)+Gix)p{x)q^' {x) 
= p{x) [(i5+2Cx)?J {x)+{D+Ex)qr^ (x)-l-G(a5)?m'(x)], 


since G(x)p'(x) = iD-{-Ex)p{x)] and the expression in 
the last bracket is a polynomial r„(x), of degree m at 
most. So 


/ = J* p(x)pn(x)r„ix)dx = 0, 
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by the property of orthogonality of Pn{x). 

In the original expression for I, 

— [G(x)p{x)pJ, (x)] 
ax 

= {B-\-2Cx)p{x)Pn {x)-{-G{x)p'{x)Pn (.x)-{-G{x)p{x)Pn' {x) 
=p{x)[{B+2Cx)p:{x) + {p+Ex)pax)^-G{x)p^'{x)], 


which has the form p(x) x„(x), with a polynomial of the 
nth. degree at most for the second factor. So, for arbi- 
trary qm{x) of degree m<n. 


/: 


p{x)Tn{x)qm{.x)dx - 0 . 


That is to say, t„(x) has the property of orthogonality 
which for given n is possessed only by a constant mul- 
tiple of pn{x). There must be a constant Kn such that 

x„(x) = Gix)p:' (x) + [(B + D) + {20 + E)x]p: (x) 

~ Enpn{x} . 

By comparison of the coefficients of x", the leading co- 
efficient in pn(x) being denoted once more by Cn^O, 


Cn{n — l)a„ + {20 + EjnOn = K^an, 
Kn = On{n + 1) -f- En. 


So finally 


(13) 


{A+Bx-\-Ox‘^)p’' (x)+ [{B^D)^{20A-E)x]pJi {x) 

— ^n{n-]r'0)-\-En\pn{x)—Q. 


In the case of the Legendre polynomials, p(x)==l. 
The hypotheses of the above discussion, including the 
condition that G{x)p{x) shall vanish at the ends of the 
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interval, are satisfied if the differential equation p'(^;) =0 
is written in the form p\x)/p{x) =0/(1 with 

5 = D = £ = 0, i = l, C=-l. 

Insertion of these constants in (13) reproduces the 
familiar equation 

(1 - x^)fn{x) - + n{n + i)p,,{x) = 0. 

It was seen in Chapter VI that the Pearson differen- 
tial equation has essentially three types of solution 
which give finite integrals over the associated ranges 
after multiplication by a polynomial of arbitrary de- 
gree, the interval being in one case finite, in one case 
infinite in both directions, and in one case infinite in 
one direction and bounded in the other. The correspond- 
ing systems of orthogonal polynomials, bearing respec- 
tively the names of Jacobi, Hermite, and Laguerre, will 
be studied separately in the next three chapters. 

Supplementary references: Szego; Shohat; P6lya-Szeg6; 
Courant-Hilbert; Darboux; Kaczmarz-Steinhaus; Riemann-Weber. 



CHAPTER VIII 
JACOBI POLYNOMIALS 

1. Derivative definition. The domain of orthogonal- 
ity of the Jacobi polynomials is a finite interval, vrhich 
may without essential loss of generality be taken as 
(— 1, 1), since an arbitrary finite interval can be re- 
duced to this by a linear change of variable. The weight 
function is 

p{x) = (1 - a;)“(l + xy, 

in which the exponents are arbitrary real numbers satis- 
fying the condition that a > — 1, jS> — 1, this restriction 
being imposed so that p(x) shall be integrable from — 1 
to 1. The orthogonal polynomials will be defined out- 
right by means of a derivative formula generalizing the 
Rodrigues formula for the Legendre polynomials. The 
property of orthogonality will be deduced from this 
formula, and the connection with the general theory of 
Chapter VII will become further apparent as the discus- 
sion continues. A similar procedure will be followed in 
the next two chapters. 

For given a, /S, n let 

g(^) = (1 - h{x) = (1 + 

the subscript n may be omitted from the auxiliary func- 
tions g, h. If a and jS are not integers, the indicated 
powers being then susceptible of interpretation as multi- 
ple-valued functions, it is to be understood that those 
determinations are chosen which make £(«) and h(x) 
real and positive for -l<x<l. By Leibniz’s formula 
for the «th derivative of a product. 
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<l>^n\x) - g''\x)h(x) + »/" ^\x)h'(x) 

^ k P g<‘^-^'>{x)h"{x) 4 - * ‘ • 

Xt * 

For O^j^n, is a constant multiple of (1— 

= (1 — jc)“(l — and is a constant multiple 

of (1 +^)^(14-Jc)^ ; 4>^\x) has (1— :c)“(l+3c)^as a factor, 
being the product of this factor by a polynomial of the 
«th degree at most. Let O'nCac) denote this polynomial: 

(1) y„(a;) = (l-a:)-“(l+a:)-^- — [(l-a:)“+"(l+a:)^+’‘]. 

dx” 

The fact that yn(x) is actually of the rath and not of 
lower degree will become apparent presently. 

In a standard notation, the Jacobi polynomial 
PJ°‘'^'>{x) is yB(3c) multiplied by ( — 1)'*/(2”»!): 

Pn''\x) = 

^ (1 - [(1 - + »)^]- 

2”w! dx’^ 

This is a direct generalization of the Rodrigues formula 
for the Legendre polynomials, to which it reduces for 
a=fi — 0. 

2. Orthogonality. If 4>^^\x) is expanded by Leibniz’s 
formula for n, neither of the exponents ct-\-n, /S+w 
is diminished by more than k units in any term of the ex- 
pansion, the whole expression has (1 — 
as a factor, and since 

a n — 

4>^n\x) vanishes for :c= +1. 
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Let m, n be any two non-negative integers, m being 
the smaller if they are unequal, and let 


J (1 - 


(1 -f xyym{x)yn{x)dx 


=/: 


ym{x)cl>n'’ ix)dx. 


For integration by parts in the second form of the 
integral let 

u = ym{x), dv = <i>^n\x)dx, 

(n—l) 

du = ym{.x)dx, V = <j>n {X). 

Since v vanishes at both ends of the interval, by the 
preceding paragraph, 

(n—l) 

ym {x)(l>n (x)dx. 


By m successive applications of the process, 

(2) /=(-!) J (a:)0„ (x)dx. 

If m<n, one more integration by parts gives 

7 = (— 1 )"^^ J™ yT^^\x)(l>n ”* ^\x)dx = 0 , 

since ym is a polynomial of the wth degree at most, and 
yJ-’^'^Kx) =0. By reference to the original expression for 
J it appears then that ym.{x) and yn{x) are orthogonal with 
respect to the weight function (l — rc)“(l 
For m = n, (2) takes the form 
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(- 1)" J y^n\x)(j}n(x)dx. 

Let (Xn be the coefficient of a:” in yn(x) when the terms 
are collected according to powersof x. Then y^\x) = w !o:„, 
and 


J (1 ^ a;)“(l + 

^ I = (- lynlan j <f>„ 


(x)dx. 


Since the first integral in (3) is necessarily positive it 
follows that a„r^0. The value of will be determined 
in the next section, and the evaluation of I in (3) will 
be further discussed in the section following. 

3. Leading coefficients. If a and jS are integers the 
right-hand member of (1) (with the obvious interpreta- 
tion for a;=±l) represents the polynomial yn{x) un- 
ambiguously for all values of x, without restriction to 
the interval (—1, 1). It can be written alternatively in 
the form 

d" 

(4) [(x-l)“+"(a:-f-l)®+"]. 

dx”’ 


The latter expression represents yn(x) for a:>l when a 
and ^ are not integers, if the powers of x— 1 and x-\-l 
are understood to be real and positive. This is immedi- 
ately apparent if the Leibniz expansions for the nth. 
derivatives in (1) and (4) are written out explicitly* 
(without subsequent rearrangement of terms according 
to powers of x) . 


* The fact can of course be recognized also by tracing the deter- 
minations of the multiple- valued function (1 — x)“ around the branch 
point X = 1 in the complex x-plane. 
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For ac > 1 the product 

/ l\«+«/ 

(ae— !)“+“( = ) (iH — ) 

can be expanded by application of the binomial theorem 
to the last two factors in the form 

^a+P+2n _j_ _ ^'^^a+p+Zn-l ^ ^ 

the terms of positive degree in this expression being 
followed in the case of non-integral a, /3 by a series 
involving negative powers of x. So (for »>0) 

dac" 

X„==(a+/3-{-2»)(a+<3+2»— 1) • • • (a+iS-fw-fl), 
/i„=(/3--a)(a-f-j3H-2»— l)(o:-{-j3-|-2»— 2) • • • (a-f/S-fw), 
and from the representation (4) 

3'n(^) = (-l)”3C““"^^l — ^ ^14-—^ (X„ai:“+^+" 

=(-l)"(l+-^+ ■■■'j (i-^+ • • ■ ) (X.*" 

+;i„ac"“i-f- • • ■ ) 

= art»*+iSna:""^+ • * • , 
an = (-l)’*Xn, 

= ( ~ 1) “ [A^n + (a — /3)Xa ] 

= (— l)“(o£— 2«— 1) • • • (a-J-jS+w+l)- 
In more compact representation by means of the 
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Gamma function, the coefficients of and in 
yn{x) are respectively 


a« 


(- 1)' 


(5) 


)8„ = (- !)-(« - )S)» 


r(a + g + 2n + 1) 

r(a + /3 + « + l) ' 

r(a + /3 + 2n) 


r(a: n 1) 


It will be noted that fin — 0 if a=/3, in agreement with 
§7 of Chapter VII. 

For n — 0, yo(x)=l for all a, The formula for 
in (5) may be regarded as valid even then, except that 
it becomes meaningless if at the same time a+jS+l =0. 

4. Normalizing factor; series of Jacobi polynomials. 
In the integral 

J <i>n{x)dx = J (1 — »)“+“(! + x)^”dx 


let 

t = ^(1 -l- x), 1 — t = §(1 — x}, dx — 2dt. 

Then 

j = r - t)“+^dt 

J 0 

= 2“+<»+2"+i 50 a + n + 1) 

r(a + M + l)r(|3 + « + 1) 

_ 2«+^+2n+l— - — 

r(a + /3 + 2» + 2 ) 

This value of J and the determination of an in (5) may 
now be used for the evaluation of I in (3). If 5* denotes 
the corresponding integral with in place of 

ynW : 
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a.=j\i-.r(i+.)'[prwri* = ^. 

combination of the various factors gives 

2 «+^+i r(a + « + l)r(|3 + w + 1) 
^ ’‘~a + /3+2ji+l «!r(a + j8 + w 4- 1) 


If w = a+j8+l=0> 5o = r(Q:4'l)r(/3 + l). 

This calculation contributes to the definition of the 
normalized Jacobi polynomials pJ“’^Kx), which are given 
by 


Pn 


(^•) 


, 1/2 

P n \X)/Sn , 


The development of a function f(x) in series of the 
normalized polynomials is merely a special case under 
§4 of Chapter VII, with o = — 1, 6=1, and 

p{x) = (1 — ^)“(1 + xy. 


In terms of the polynomials Pn^^-^yx) the formulas be- 
come 

M = '£,cA"'‘\x), Ct - f Pix)f(x)pl°'‘\x)dx. 

fc==o 5jfc 


S. Recurrence formula. Let P^n'^\x) and Pn’^\x) be 
denoted more simply by Pn(x) and pn(x). As in §5 of 
Chapter VII let the coefficients of 3c" and in pn{x) 
be denoted by an, bn. In comparison with the coefficients 
oin, ^n in §3 of the present chapter, the corresponding 
coefficients in Pn{x) are, respectively, ( — l)’*a!„/(2’*w!) 
and ( — 1)"/3„/(2"»!); and 


(- !)”«„ 


bn 


(- 1)"^« 


2»n 151/2 


2"« 151/2 
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From (5), 


^^n+l 

an 


On+l 


b 


n 


an 


a "f" /3 ~f" w -f" 1 

(a jS -f- 2n -J- l)(ci; -{* "1“ 2it -{- 2) 


2(71 + 1) 



an 


a„+i 


2(n + l)(a + /3 + n+l) / Sn+i V^^ 
(a-\-p + 2n+l)(a + P + 2n + 2)\ / 

/3„ _ (a — p)n 

an o£ + /8 + 2w 




On On+i (q: + jS + 2n)(a + iS + 2« + 2) 


These values may be substituted in the recurrence 
formula (10) of Chapter VII. On replacement of pk(x) 
hy Pic(x)/dl^^ for k = n-^l, n, n — 1, theformula becomes, 
after substitution from (6) and simplification, 

(a + (3 + 2'»)(a + j8 + 2w T- l)(a "b )3 + 2w + 2)xP„(x) 

= 2(n + l)(a + ^ + n+ l)(a + jS + 2^)P„+i(a:) 

+ (,S2 - a^)(a +13 + 271+ l)P„(x) 

+ 2(a + «)0 + n)(a + j3 + 2« + 2)P„_i(.r). 

This reduces for a =jS = 0 to the familiar recurrence rela- 
tion for the Legendre polynomials. 

6. Differential equation. The weight function p(x) 
= (1 —xy(l+xy satisfies the equation 

p'(x) a . ^ (^-a) - (a + P)x 

: , 

p(x) 1 — X 1 + X 


i — x^ 
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which has the form of (12) in Chapter VII with 

A = 1, B - 0, C = — 1, Z? = |8 — a, £ = — (a + /3). 

The accompanying condition that (1 ~x^)p(x) vanish at 
the ends of the interval is satisfied by virtue of the 
hypothesis that a>-l,i8> — 1. Since the resulting dif- 
ferential equation for the orthogonal polynomials, (13) 
of Chapter VII, is homogeneous, it is independent of a 
constant factor in each polynomial, and in particular 
has the same form whether written for yn(x) or Pn(x) or 
Pn(x). In terms of Pn{x) the differential equation reads 

(1 - x^)P:' (x) + [0 - a - (a + + 2)x]p: (x) 

-f «(q: -I- jS 4- « + l)Pn(x) = 0. 

This reduces to the differential equation of the 
Legendre polynomials for a=j8 = 0, and to equation 
(10) of Chapter V, except for notation, if a and j8 have 
a common positive integral value. In making the latter 
comparison it is to be noted that the degree of the poly- 
nomial z—Pm^^^(x) in the equation of the earlier chapter 
is neither m nor n, but m — n, while the weight function 
is (1 —x^y, so that the present a and ^ are to be re- 
placed by n and the present n hy m — n. 

For definition of the Jacobi polynomials by means 
of the coefficients in the power series representation of 
a “generating function” the reader is referred to more 
extensive treatises.* The original memoir on the Jacobi 
polynomials, after derivation of the generating func- 
tion, remarks rf “This formula, which did not seem to 

* See Szego, pp. 68-70. 

t C. G. J. Jacobi, Untersuchungen iiber die Differentialgleichung 
der hypergeometrischen Reihe (published after Jacobi’s death by E. 
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recommend itself by simplicity, has not been followed 
up further.” Important use has been made of it by sub- 
sequent writers,* but it will not be discussed here.f 

Supplementary references: Szego; Shohat; P61ya-Szego; 
Courant-Hilbert; Riemann- Weber, 


Heine), Journal fiir die reine und angewandte Mathematik, vol. 56 
(1859), pp. 149-165; p. 158. 

* See e.g. Darboux, pp. 20-24. 

t For a generating function in the comparatively simple case in 
which see Ex. 6 in the exercises on this chapter at the end of the 
book. 



CHAPTER IX 
HERMITE POLYNOMIALS 

1. Derivative definition. The Hermite polynomials 
are orthogonal over the interval ( — ^ , ^). The weight 
function* is 
Let 

<l>(x) ~ t * 

By straightforward differentiation, 

= (x’- - 

It is clear by inspection, and will presently be apparent 
on the basis of a more formal induction, that the deriva- 
tive of any order is the product of by a poly- 
nomial in X, 

Let 

.. 

Hn{x) = (- l)V/2 — 0(x). 

Jx" 

Then = ( — !)” e~=^^'^Hn{x), and by differentiation 

of this identity 

4.(”+''(l) = (- 1)“[- ]£->■'*, 

while on the other hand 
SO that 

(1) Hn+l{x) = XF„(X) - Hn (x). 

* There is some^ diversity of usage with regard to the notation. 
The exponential is sometimes taken as weight function instead of 
a"*'*; and notations differ otherwise by a factor ( — 1)“ or a factor «! 
in the general polynomial of the sequence. 
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Since Ho(x) = 1, it follows by induction that H’„(x) is a 
polynomial of the nth. degree with the coefficient of x" 
equal to unity. The polynomials are the Hermite 

polynomials. 


2. Orthogonality and normalizing factor. Let m, n 
have arbitrary non-negative integral values, and let n 
be the larger if they are unequal :mSn. Let 


= f ^ = (— 1)" r H„,(x)4>‘-’^'>(x)dx. 

—00 —GO 


For an integration by parts, let 


u =Em(x), dv = <f>^”''^{x)dx, 

du = Hm (x)dx, V = (x) . 


Then uv, being the product of by a polynomial, 
vanishes for = + oo , and 


I = 



Hj,{x)d>^--^\x)dx. 


Repetition of the process gives after m steps 


( 2 ) 


/ = (-!) 


n+m 


r 


Hjn {x)4> {x)dx. 


If n — m>0, one more integration by parts, in which 
since Hm{x) is a polynomial of the mth de- 
gree (or straightforward integration of with 

the constant coefficient gives 1 = 0. This 

means that Hm{x) and Hn{x) are orthogonal over the 
interval ( — oo , <» ) with respect to the weight function 

For m = n, (2) becomes 



HERMITE POLYNOMIALS 


178 


( 3 ) 


/_ 


-x^li 


Hn\x)<t>ix)dx 

-00 


The normalized Hermite polynomials are given by 
irn(3!:)/[(«l)^/^(2T)^^^]. The discussion will be continued, 
however, in terms of the original polynomials Hn{x). 

(The evaluation of the last integral in (3), a form of 
the well-known “probability integral,” can be carried 
out in terms of the Gamma and Beta functions by the 
relations 

dx ^ 

= r»/2(i _ 

.j(l_ ^2)1/2 J, 

= I) - r(f)r(|)/r(i) = [r(|)p, 

1 r” r* r” 

— = j | r^'^e-^dt 

1L j — oo ^0 0 

= 2-»/T(i), 


with the substitution t = in one case and t = x^j2 

in the other; it can of course be accomplished more 
directly in other ways.) 

3. Hermite and Gram-Chaxlier series. The formal 
expansion of an arbitrary function f(x) in series of 
Hermite polynomials is 


f{x) = ^CiBk{x), 






( 4 ) 
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the denominator in the formula for c* being given by 

( 3 ). 

The Hermite polynomials are used in the theory of 
statistics for the representation of frequency functions 
over the interval ( — «> , «> ) ; but for this purpose a series 
made up of terms of the form is more ad- 

vantageous than a series of the polynomials themselves. 
Let F{x) be a given function, and let f{x)=e^^‘^F{x). 
Then (4) becomes 

F(x)='Zcie-’'mi(x), J f F(x)Si(x)dx. 

*=0 A!(27r)^/2 

A series of this form is called a Gram-Charlier series. 

4. Recurrence formulas; differential equation. The 
function 4>{x) satisfies the equation 

<f>'(,x) “{“ xiffix) = 0 . 

Differentiation of this gives <i>"(x)-j-x^'(x)+(j>(x)—0; 
the result of n successive differentiations is 

-f- -f- = 0. 

By expression of the derivatives here in terms of the 
Hermite polynomials, 

[(- + xi- lyn^ix) 

+ n{- \y-^H^i(x)]e-‘"i^ = 0, 
or 

(5) Hn+i(x) - xH„{x) -b nH„.^{x) = 0. 

This is the relation of recurrence connecting three succes- 
sive Hermite polynomials. 

In terms of the normalued polynomials hk{x) 
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-Hk{x)/dk^^^, with leading coefficients 
where = (5) takes the form 

{n + — xhn{x) + = 0, 

in agreement with (10) of Chapter VII. 

According to (1), Hn+i{x)—xHn{x) = —Hn{x). By 
comparison of this with (5), 

( 6 ) = 

LetHli+i{x) be calculated by substitution of w+1 for 
n in (6), and again by differentiation of (1); identifica- 
tion of the results leads to the differential equation 

(7) m' (x) - xH: (x) + nHnix) = 0. 

The same equation is" obtained by substituting in (13) 
of Chapter VII the values D = B = C — 0,E=~1,A—1, 
corresponding to the differential equation p'{x)/p(x) 
= —X satisfied by the weight function the form 

of (7) is unaltered if Hnix) is replaced by the normalized 
hnix). 

The identity of the coefficients in (5) and (7), while 
superficially noteworthy, is of no deep significance, 
since (5), unlike (7), is changed by the introduction of 
normalizing factors or other factors depending on n. 

Successive Hermite polynomials can be calculated 
explicitly from (5), when Ho and Hi are known. Still 
more convenient is the use of (6), supplemented by 
calculation of the constant terms by an induction based 
on (5): 

5n+i(0) = - nHn-iiO), 

H^kiO) = (- l)‘-l-3-5 - • {2k - 1), Hik+iiO) = 0. 
The first six polynomials of the sequence are 
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Ho(x) = 1, Ea(x) = — 3x, 

Hiix) = X, Hi(x) — X* — 6x^ + 3 , 

ff2(3c) = — 1, Ha{x) = 0^ — lOx? 4- 15a;, 

5. Generating function. Let H(x, t) denote the func- 
tion Lg|- its expansion in series of powers of t 

be written in the form 

1 1 

E{x,t) — Go(x) -j- Gi(x)t -—GaCxJl^ H — -^ 3 ( 3 :)^®+ • • • . 

2 , 3 , 

It is seen at once that Go(a:) = l, Gi(x)—x. It can also 
be verified immediately that E'(x, t) satisfies the dif- 
ferential equation dH/dt—{x—t)H. If this identity is 
written in terms of the power series representation, 
comparison of the coefficients of gives 

-Gn+l(3;) — ■Gn{x') -Gn— l(a;), 

n\ n\ {n — 1)! 

that is to say 

Gn4-i(a;) - xGn{x) + «G„_i(a;) = 0. 

This is the same as the recurrence relation for the 
Hermite polynomials. Since Go=Ho and Gi=Hi, it fol- 
lows that G 2 —H 2 , Gz = Ha, • • • , and by induction that 
Gn = Hn for all values of n. The Hermite polynomials are 
related to the generating function H{x, t) by the identity 

2 1 

= Eo(x) + Ei{x)t 4- — Ei(x)t^ 

2! 

1 

4 - — E3{x)i^ 4 - • • • . 

3 ! 

6 . Wave equation of the linear oscillator. An occur- 
rence of the Hermite polynomials in mathematical 



182 


HERMITE POLYNOMIALS 


physics is in connection with a rudimentary form of 
the Schrodinger wave equation in quantum mechanics. 
While an adequate discussion either of the mathematical 
or of the physical significance of the formulas would be 
impracticable here, the formulas themselves are com- 
paratively simple. 

The Schrodinger equation for a single particle in a 
field of force is of the form 

(8) — 20^ = 7 j 


in which ^ is a function of the geometrical coordinates 
and the time t, is the expression which forms the 
left-hand member of Laplace’s equation in the number 
of dimensions in question, the sum of the second partial 
derivatives of with respect to the variables of a rect- 
angular coordinate system, w is a function of the coordi- 
nates but is independent of t, and 7 is a constant. 

If a solution is sought in the form '^ = uT{t), where u 
is independent of t and T is independent of the coordi- 
nates, in accordance with the procedure followed in 
Chapters IV and V for separation of the variables, 
A^^ = TAii, and (8) becomes 


( 9 ) 


A« jT' 

u ^ ~ T 


The constant value common to the two members of (9) 
being denoted by —X, the equation yT'^ —XT has for 
solution a constant multiple of and u satisfies 

the equation 

(10) Am -{- (X — w)u — 0. 

The physical significance of these equations is restricted 
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to certain values or sets of values of X, for which solu- 
tions of appropriate form exist. 

In one dimension, with w=cx^, c being a constant, 
these are the equations of the linear oscillator * In this 
case Aw reduces to d^ujdx^. Thus (10) becomes 

d^u 

(11) TT + 

dx^ 

Let Vn — e~^^>^lln(x), the functions v with different 
subscripts being then orthogonal over the interval 
( — 00 , CO ) with unit weight function. By differentia- 
tion of the relation if„(x) and substitution in 

(7) it is found that 

Vn' + (« + I — \x^)Vn = 0. 

Now let this equation be written with r as independent 
variable instead of x: 

(12) Vn' ij) + (» + i = 0, 

and let T = ax with constant a, and 

(13) u„{x) = Vnir) = Vn{ax) = 

Then d‘^Unldx^ = a^n' (r), and the result of substitution 
in (12) is 

d^Un 

h [(« + 5)a* — za*x^]iin = 0. 

dx? 

So if a is taken equal to (4c)‘^'‘, Un{x) as defined by (13) 
satisfies (11) for the value {n-\-\)a^ of X. 

Supplementary references: SzegS; Shohat; Rietz; P6Iya- 
Szego; Courant-Hilbert; Uspensky; Kaczmarz-Steinhaus; Riemann- 
Weber; for §6: Weyl. 


* See Weyl, pp. 54^60. 
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LAGUERRE POLYNOMIALS 

1. Derivative definition. The interval of orthogonal- 
ity of the Laguerre polynomials is (0, oo). The weight 
function is 

p{x) = 

in which, for the sake of integrability, it is assumed that 
0 !> — 1. This is a generalization of the simple exponen- 
tial weight function with which the name is some- 
times more restrictively associated. 

Let 

By application of Leibniz’s formula to the «th deriva- 
tive of this product it is apparent that <i>^n\x) is the 
product of by a polynomial of the nth degree hav- 
ing ( — 1)“ as coefficient of x’*. Let this polynomial multi- 
plied by ( — 1)’* be denoted by Ln\x) or more simply 
Ux): 

(1) ll ^(a;) = Ln{x) = (— ifx “e* — *). 

dx^ 

The formula (1) will be taken as definition* of the La- 
guerre polynomials. The leading coefficient is 1 for each 
value of n. 

2. Orthogonality; normalizing factor; Laguerre se- 
ries. Each derivative of <j)n(x) of order lower than the 

* Notations vary in different presentations to the extent of a con- 
stant factor in each polynomial. 
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nth is the product of by a polynomial, and van- 

ishes for » =0, since a > — 1, and for rr = + <» . 

Let m and n be positive integers, m^n, and let 

1=1 x“e~"L^ix)Lnix)dx = (- 1)" f Ln,{x)(l>n\x)dx. 
J Q Jo 

In m successive integrations by parts, with « 
= (d*‘~^/dx^-^)Lm{x), dv=(l>^*~^^^(x)dxa.s factors for the 
Jfeth step, the expression uv with v =<f/-^~^^(x) vanishes at 
both ends of the interval in each case, and it is found that* 

(2) 7 = (-ir’f 

J 0 

If n>m, another integration by parts leads to the con- 
clusion that 7=0, since (£«(*) The polynomials 
Lm{x), Ln{x) are orthogonal for weight 
For m=n, (2) reduces to 

I - f (Zn(x))^”^<f>„(x)dx. 

J 0 

Since the leading coefficient in Ln{x) is 1, {Ln{x))^^^ =nl. 
If dn denotes the value of I in this case, 


I = n\ | 

Jo ^0 

= n!r(a -I- » -1- 1). 


The normalized Laguerre polynomial /„(x) is given by 


k{x) = Ln(x)/dT. 

* The notation is used to avoid confusion with the 

polynomial U^{x) corresponding to exponent «=m. 
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The expansion of a function /(x) in series of the poly- 
nomials Lic{x) on the interval (0, <») is 




1 

k\T{a + + 1) 



x“e~’^J{x)Lk{x)dx. 


3. Differential equation and recurrence formulas. 

For the weight function p{x)=x‘^e~^, since p'(x)/p{x) 
= {cx/x)~l, equation (12) of Chapter VII is satisfied 
with 

D = a, £=-1, A=C = 0, B = 1; 

and xp(x) vanishes at both ends of the interval (0, oo). 
So the Laguerre polynomials satisfy (13) of Chapter VII 
with these values inserted. It is immaterial whether the 
polynomials are normalized or not; written for Ln{x), 
the differential equation is 

(3) xLn'(x) + (a + 1 — x)Ln (x) + flLnix) = 0. 

If a„ denotes the leading coefficient in the normalized 
polynomial ln{x), an=l/d^n^. The coefficient of in 
Ln(x), by application of Leibniz’s formula in (1), is 
-“n{a+n). So the corresponding coefficient &„ in /„(x) is 
For substitution in (10) of Chapter VII, 
Cnn.= {K/an) — {bn+i/an+i)=oi+2n+^. If at the same 
time Ln{x')/d>i^ is substituted for ln{x), the recurrence 
formula becomes, after rearrangement, 

(4) I<„+i(a:) — (a:— a— 2n— l)I,„(a!)-l-«(a4'i^)I'Ti-i(ic)=0. 

Another form of recurrence relation, expressing 
L„+i(x) in terms of Ln{x) and (x), is almost immedi- 
ately deducible from the defining formula (1). In the 
identity 
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let the expression in parentheses on the right be regarded 
as the product of the factors x and a£:“+"e“*, and let 
Leibniz’s formula be applied to the differentiation of 
this product. All derivatives of the factor x of order 
higher than the first are of course identically zero. So 






^^o+n+lg-®) 


d" 

= X (ac“+»e-®) + (»+!) (a:“+"e“*) 

dx'^ 


= a;-— [(— iyx“e-^Lnix)] + (» + 1)(— l)^x‘‘e-’Ln(x) 
dx 

= (— l)'^x“er’=[xLn (a:) + (a + + 1 — x)Ln(x)]. 

m 

It follows that 

Ln+i(x) = (x — a — n — l)I.„(:r) — xLn (x). 

4. Generating function. Let 

H{x,t)= \ .e-x</(i-o, 

(1 - ty 

and in the expansion of this function as a power series 
in t let the coefficient of be denoted by ( — l)”G„(x)/n!, 
so that 

H{x, t) = Go{x) ~ Gi(x)t + —^Giixy^ + 

( 5 ) 

(- 1)" 

+ ^-^Gn(x)t- 4 - • • • . 

n\ 

It is to be shown that Gn(x) is identical with Ln{x). 
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The first two polynomials in the Laguerre sequence 
are by substitution of w = 0 and n — 1 in (1) 

L<i{x) — 1, Lx{x) — X — a — 

The result of partial differentiation of H with respect 
to t is 

d 1 

( 6 ) — H(x, t) = H(x, t). 

^ ^ Ll (1 - 

Hence 

Go(®) = H{x, 0) = 1, Gx{x) = - Et{x, 0) ^ x - a - 

It is seen that Go and Gi agree with Lo and Li. 

Let (6) be written in the form 

(1 - tyUtix, t)+[{x-a-l) + {a-\- t) = 0 . 

and let the representation (5) be substituted in the left- 
hand member of this identity. By equating to zero the 
coefficient of in the resulting series it is found that 

Gn+i -f (2» — « + a + l)Gn + + na)Gn-i = 0. 

Since this is the same as the relation connecting the 
polynomials Ln-it Ln, Ln+\ in (4), and since Go = I-o, 
Gi=Z,i, it follows by substitution of n = \, 2, • • • that 
Gn{x) =Ln(x) for all values of n. 

5. Wave equation of the hydrogen atom. The discus- 
sion of the Schrodinger wave equation which was begun 
in the second and third paragraphs of §6 in Chapter IX 
becomes applicable to the electron of a hydrogen atom 
in space if continued with reference to three dimensions 
instead of one, the function w being suitably chosen. 
Solutions are obtained then involving Laguerre poly- 
nomials. 

For this case w is to be taken in the form ( — c/p), 
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where p is distance from the origin and c is constant.* 
The differential equation (10) of Chapter IX becomes 

(7) Au + [\ + - Ju 0. 

Because of the form of w the use of spherical coordinates 
is appropriate, and Au is given by (26) of Chapter IV. 
Then (4) of Chapter V becomes equivalent to the pres- 
ent equation (7) if (Xp^-f cp)^ is added to the left-hand 
member. On substitution of R{p)T{6)F(<f>) for u an equa- 
tion is obtained which differs from (5) of Chapter V by 
the addition of \p^+cp on the left. Thus (6) of Chapter 
V is replaced by 

(8) p^R" -j- 2pR' [Xp^ cp — j»(wi 1) ]jR = 0. 

The equations in terms of 6 and <f> are unchanged, and 
particular function^ T(d)F(<^) are obtained as in the 
earlier chapter in the form of spherical harmonics. The 
problem that remains for discussion is the solution of the 
present equation (8). (Tlie factor T(d) has no connection 
of course with the function T{t) in §6 of Chapter IX; 
and the » in (7) and (8) of Chapter V, which there will 
be no occasion to mention again explicitly, is not the 
same as the n which appears in the next paragraphs.) 

In terms of the value of m which occurs in (8) let 
a = 2171 + 1, and let L„(x) be the corresponding Laguerre 
polynomial L|f^(x) =L®“'*'‘^(x). By (3), 

(9) xLn' (x) + (2m -f 2 — x)Ln(x) -j- nLn(x) = 0. 

Let Vn(x) =x”'e~^^^Ln(x) ; two v’s with different subscripts 
are orthogonal on the interval (0, oo) with respect to x 
as weight function. Differentiation of the identity Ln(x) 
= x~”^e^'hn gives 

* See Courant-Hilbert, pp. 294-296; in connection with this sec- 
tion see also van der Waerden, pp. 12-16, and Weyl, pp. 63-70. 
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in' {x) 
U>{x) 




+ 


La:^ \2 xj A ) 


By substitution of these expressions in (9) and multi- 
plication of the resulting equation by it is 

found that 

( 10 ) xhn -{-locDn 4 -[— w ( w + 1 )] ie ) r = 0 . 

Now let x—anP, where fl„ is constant for fixed n but 
will presently be made to depend on » in a specified 
manner, and p has the same meaning as in the second 
paragraph preceding; x then is not one of the rectangu- 
lar coordinates in the physical problem, but is merely 
an auxiliary variable for the purposes of the present cal- 
culation. Let 


-R(p) = = Vn{a„p) = (c„p)”‘e . 

Then t;„'(x) = (l/a„)i?'(p), v^' (x) = (l/al)R"{p), if the 
accents in each case indicate differentiation with respect 
to the variable following in parentheses, and substitu- 
tion in (10) gives 


P V+2pi?'+ [- ioV -f (?n-i-«-M)a„p- w(w-l- 1) ]i2 = 0. 

So if a„ is taken equal to c/ (w-fw-f 1), the function R(p) 
as now defined satisfies (8) with X= — a*/4. 

Supplementary references: Szego; Shohat; P6lya-Szego; 
Courant-Hilbert; Uspensky; Kaczmarz-Steinhaus; Riemann-Weber; 
for §5: Courant-Hilbert; van der Waerden; Weyl. 
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CONVERGENCE 

1. Scope of the discussion. The question of the con- 
vergence of series of orthogonal polynomials under the 
most general hypotheses, as might be anticipated, is one 
of great complexity. A considerable part of the theory of 
convergence developed for Fourier series in the first 
chapter, or for Legendre series in the second, can how- 
ever be extended with little additional difficulty to or- 
thogonal polynomials corresponding to various weight 
functions on a finite interval if the polynomials of the 
orthonormal set are hounded as n becomes infinite, i.e., if 
there is a constant if, independent of n, such that 
l^n{ac)l ^if for all values of n, either at a particular 
point X where convergence is to be demonstrated or on 
a set of points contained in the interval of orthogonality 
or, for the greatest simplicity, throughout the entire in- 
terval. 

The orthonormal polynomials corresponding to the 
weight function (1— for example, are bounded 
throughout the interval ( — 1, 1). For if C„(x) is the poly- 
nomial which represents cos nd when 3 : = cos 6 the se- 
quence of these polynomials for n = 0, 1, 2, ■ ■ ■ consti- 
tutes the orthogonal system, except for normalization 
(see Chapter VII, §1) : | C„(3i:) | = | cos n6\ ^ 1 for — 1 
^ 1, and the normalizing factor defined by 

5«= r {1 - x‘^)-^i^[Cn{x)Ydx = r cos^- ndde 

J_i Jo 

has the constant value for 1. 
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The polynomials of Chapter VII, §1, which are 
orthogonal but not normalized for weight (1 are 

bounded throughout any interval ( — 1 + h, l~h),h>0, 
that is to say, except near the ends of the interval of 
orthogonality. For if 5: = cos 6, l—h = cos y, 0<y<7r/2, 
then 

1 5„(a:) 1 = j sin + l)0/sin 0 [ ^ 1/sin 0 ^ 1/sin y 

for 7^0^7r— 7 , — And the normalizing 
factor is again independent of n, being given by 

5„= J* J* sin^ {n-\-l)d dd = 7r/2. 

An alternative verbal statement is that the orthonormal 
polynomials 5„/ 6^ ^ are uniformly hounded throughout any 
closed interval interior to the interval of orthogonality, it is 
clear that any such interval, even if not itself symmetric 
with respect to the origin, can be included in an interval 
{ — l+h, l—h) by suitable choice of h. 

By §12 of Chapter II, the normalized Legendre poly- 
nomials [(2w-i-l)/2]^''2P„(x) are uniformly bounded 
throughout any closed interval interior to ( — 1, 1). 

It will be shown in later sections that the property 
of being uniformly bounded throughout the interval, or 
except near the ends of the interval, or over a part of the 
interval restricted in some other way, is possessed by the 
orthonormal polynomials corresponding to weight func- 
tions of considerable generality. Meanwhile the bearing 
of this property on the theory of convergence will be de- 
veloped in some detail. 

2. Magnitude of the coefficients; first hypothesis. 
Let p{x) be a weight function as in Chapter VII, /or a 
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finite* interval (a, 6), let pn{x), w==0, 1, 2, • • • , be the 
corresponding system of normalized orthogonal polyno- 
mials, \etf{x) be a function such that p(x)f(x) is integra- 
ble over (a, b), and let 

(1) £ Ckpk{x), Ck = I p(x)f(x}pk(x)(lx, 

ib=0 *' a 

be the formal development of f{x) in series of the poly- 
nomials pk(,x). Let 5n(^c) be the partial sum of the series 
(1) through terms of the »th degree: 


^n(a:) = ^ Ckpk(x). 




Then, by the definition of the c’s and the properties of 
the orthonormal p's, 

b n ^ b ” 2 

a Jk=0 a 

^ 2 'A 2 

p(x) ]dx = ^ Ck. 

a ib=0 

If pP as well as pf is integrable, 

/ b ^ 

p(^) [fix) - Snix) ] dx 

= J* p{x)[f{x)fdx — 2 j" p{x)f{x)Sn{x)dx 


+ 


pix) ] 

^ a 


dx 


= J 


^=0 


* This restriction is not essentially used until the next section. 
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Since the first member is non-negative, the same is true 
of the last member : 

r p(x)[f(x)fdx 

for any value of n. Consequently is convergent, and 

lim Ck = 0. 

i— ♦» 


3. Convergence; first hypothesis. By §§4 and 6 of 
Chapter VII, 

(2) Sr^ix) = r pmt)Kn(x, t)dt, 

J a 

pn+lit)pn{x) - pn{t)pn+l(x) 

(3) Kn(x, t) = , 

®n+l ^ X 

where, in the notation of §5 of that chapter, 

dn 

(4) — Cn,n+1 ~ I p(^X^ Xpn(^x')Pn-\-l(^X^dx. 
Furthermore, by (7) of the same chapter, with 7 r„(a£:) si, 

1 = j\(f)K„(x, t)dt. 

Multiplication of this by f{x), which is constant with 
respect to the variable of integration, gives 

(5) fix) = r p{t)fix)Kr,ix, t)dt. 

d a 

Hence, by subtraction of (5) from (2) , 

( 6 ) Srf x) — f{x) = J p(l)[f(0 — fix)]Knix, t)dt. 
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For fixed « let 

( 7 ) 


t — X 


Then by substitution of (3) in (6), 5 „(jc) —f{x) is equal to 

\pnix) f p{t)<t>{t)pn+l(i)dt 

On+1 L •'a 

Pn+l(x) ^ . 


( 8 ) 


The proof of convergence consists in showing that under 
suitable hypotheses the value of the expression (8) ap- 
proaches zero as n becomes infinite. 

Let C be the larger of the numbers |a| , |&{. Then 
I x| ^ C throughout (a, b), and according to (4) 

pn(x)pn+l(x) I dx] 

since a„ and On+i are both positive, absolute value signs 
on the left would be superfluous. By Schwarz’s inequal- 
ity (see Chapter I, §19) 

I J I pnix) 1 • [p(a:)]i' 2 1 I dx'^ 

a(^)[Pn{x)Ydx r p{x)[pn+iix)Ydx = 1. 



On r * 

^ c p(:*:) 

^n+1 a 


So On/on+i^ C for all values of n. 

If the function f{t) is such that p<j> and p(f>^ are integra- 
hie over {a, b), where •p(t) is the difference quotient (7) 
formed for the value of x in question, each of the integ- 
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rals in (8) approaches zero as n becomes infinite, by the 
preceding section. If at the same time pn{x) is bounded as 
n becomes infinite, for the particular value of x concerned, 
the whole expression (8) approaches zero, and Sn{x) con- 
verges to the value f(x). 

The weight function p is of course assumed through- 
out to be integrable. If integrals are thought of as taken 
in the ordinary sense of elementary analysis (not accord- 
ing to the more general definition of Lebesgue), let p be 
supposed to have at most a finite number of finite or 
infinite discontinuities. The above hypothesis with re- 
gard to <f> will be fulfilled, for example, if /(/) is bounded 
and integrable over the interval, is continuous at the 
point X, and either has a right-hand and a left-hand de- 
rivative there (with finite values) or, somewhat more gen- 
erally, satisfies the condition that |/(i) —f{x)\ gX| x[ , 
where X is a constant. 

The hypothesis concerning will also be satisfied if 
pf and pjP are integrable over the interval, and if /(/) 
vanishes identically throughout a subinterval, no mat- 
ter how small, containing the point x in its interior. In 
this case Sn{x) converges to the value 0. If fi and /2 are 
two functions subject to the conditions of integrability 
just stated, and identically equal to each other in the 
subinterval, the partial sum of the series for the differ- 
ence /1—/2, equal to the difference of the corresponding 
partial sums, will approach zero; if the series for one of 
the functions is convergent at the point x, the series for 
the other will converge to the same value. If the function 
f is such that pf and pp are integrable over (a, b), the con- 
vergence of the series for f{x) at a point where the ortho- 
normal polynomials are bounded is further dependent only 
on the behavior of the function in the immediate neighbor- 
hood of the point. 
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4. Magnitude of the coefficients; second hypothe- 
sis.* The conclusion of §2 holds without the requirement 
that pP he integrahle, if the polynomials pn{x) are uni- 
formly hotmded throughout the interval. More generally, 
suppose there is a point set E contained in {a, b) with 
a constant H, independent of n and x, such that 
H for all values of n and for all values of x 
belonging to E. Let CE denote the rest of the interval. 
In the applications that are of primary interest, E will 
be merely a subinterval of (a, b), or possibly a set of a 
finite number of such subintervals. It may be assumed 
for the purposes of this discussion that E is made up of a 
finite number of intervals at most, except that if in- 
tegration is understood in the general sense of Lebesgue 
the hypothesis is merely that E is measurable (as it will 
be automatically if it denotes the set of all points where 
1?.W| SH). If p/ and p|/| are integrable over the 
whole of (a, b), and pP is integrable over CE, it is still 
true that limn..* c„ = 0. Under the Lebesgue definition a 
separate hypothesis with regard to p|/| is unnecessary, 
since integrability and absolute integrability are the 
same. 

Let 6 be an arbitrarily small positive number. Let the 
point set E be resolved into two parts Ei, £2 such that 

(9) r p{x)\fix)\dx^^ 

and \f(x)\ is bounded on £ 2 , i.e. there is a constant M 
such that \f{x) \ at all points of £ 2 . In the case of 
Lebesgue integration £1 may be defined as the set of all 
points of £ where j/(x)] >M, for a sufficiently large 

* The content of §§4 and S, included for the sake of additional 
generality, is not needed for the reading of the later sections. 
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value of M, and JS 2 as the set of points of E where 
l/(3c) I SM. For more elementary treatment the purpose 
can be accomplished by inclosing the points of infinite 
discontinuity of f(x), supposed finite in number, in suffi- 
ciently narrow intervals, and letting Ei be the part of E 
contained in these intervals, and £2 the rest of E. 

Let h, I2, I3 denote the integrals of p{x)f{x)pnix) 
over El, E% and CE respectively, so that 


By (9), 

(10) 


p(.x)f{x)pn 


{x)dx = /i + /2 + Iz- 


7il ^ f p{x)\f(x) 1 1 pn(x) I dx 
J El 

gfff pW I /W I rf* S 4 

J E. 2 


regardless of the value of n, since j pn(x) j on Ei for 
all n. Letfi(x) be a function defined as identically zero 
on £ 1 , and equal tof{x) on the rest of (a, b). Then 


J pi,x)fi{x)pn{x)dx. 


But p/i is integrable over (a, b) ; it is integrable over CE 
by hypothesis, is integrable over £2 because |/i| = 1/| 
on £ 2 , and hence pf\^Mp\f\, and is integrable 
over £1 because it is identically zero there. Conse- 
quently, by §2, 


lim r p{x)fi{x)Pr,{oc)dx = 0, 
n“*o6 J ^ 


i.e. lim„^*, ( 72 +^ 3 ) =0- So when n is sufficiently large 
1 72+73 1 <€/2, and by combination of this with (10) 
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/1 + /2 + /3I <€, 

which means that 

lim I p{x)f(x)pn(x)dx = 0. 

5. Convergence; second hypothesis. Let the discus- 
sion of convergence be resumed with the notation of §3, 
under the hypothesis now that the orthonormal polyno- 
mials are uniformly bounded on a point set E as in §4. 
Let it be assumed that p/and p|/| are integrable over 
(a, b), and that pp is integrable over the set CE. 

If X is an interior point of E, p4>^ will be integrable 
over CE, the denominator of 4> having a positive lower 
bound there; and p<^ will be integrable if p|^| is integra- 
ble, so that a separate hypothesis with regard to the 
forrner is unnecessary. Furthermore, p\(f>\ will be integ- 
rable over the whole of (a, b) if there is an interval 
(x — h, x-\-h) over which it is integrable. If pf and pf/[ 
are integrable over {a, b) and pP is integrable over CE, the 
series will converge to the value f{x) at an interior point x 
of E, if p\(l)\ is integrable over an interval containing x in 
its interior. For under these conditions 0 satisfies the re- 
quirements imposed on / in §4, and the reasoning of the 
first three paragraphs of §3 can be repeated with the 
modification merely that §4 is used instead of §2 to 
justify the assertion that the integrals in (8) approach 
zero. The essential difference between the present hy- 
pothesis concerning / and that of §3 is that p^r is not 
required to be integrable in the neighborhood of x. 

The reasoning applies at the end points a, b, with ob- 
vious modifications in details of statement, if E extends 
out to those points. Special consideration of other fron- 
tier points of E may be omitted, since in the applica- 
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tions, when a set E is shown to be associated with a par- 
ticular value of II, its frontier points (other than a or b) 
will be interior to the corresponding set associated with 
a larger value of 11. 

If the orthonormal polynomials are uniformly 
bounded throughout the whole of (a, b) no state- 
ment about pP or p4>^ is needed in the hypothesis, and 
the convergence proof applies throughout the closed in- 
terval. 

If p/and pj/| are integrable over {a, b) and if p/^ is 
integrable over CE (the last clause being omitted if E 
is the whole interval), convergence at an interior point 
of E is independent of the properties of / except in the 
immediate neighborhood of the point. 


6. Special Jacobi polynomials. Let pk{x) denote the 
normalized Legendre polynomial of the ^th degree. For 
a pair of even values 2m, 2n of k, let 


/ p2m(^x')P2n(^X^dx ^1 p2m(,x')p2n^^dx. 

-1 da 


In the second integral let 


= i(i + 1), 


dt 1 dt 


Since p^mipc), Pznix) contain only even powers of x, they 
are polynomials in t, of degrees m and n respectively, 
which may be denoted by Qn{l), and 




dt 

(1+/)V2 


If m 9 ^n, 1 = 0. If m = n, since the p’s are normalized, 
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1 r ' r 1 

1 [Qnii)Y 

and the value of the last integral is 2^''^. The polynomials 
q,k{t) — Qk{t)f2^'^, k — 0,\,2, - -, constitute the orthonor- 

mal system on the interval ( — 1, T) for weight 
They are the normalized Jacobi polynomials for q: = 0, 
/3 = — I, Since the p's are uniformly bounded except 
when X* is near 1, the q's are uniformly bounded except 
near the point t — \, i.e. are uniformly bounded through- 
out any interval — — A, A>0. 

Similar reasoning with the substitution x~ = ^{\—t) 
in place of that used above shows that the normalized 
Jacobi polynomials with oi= ^ = Q are uniformly 
bounded in ( — 1 , 1) except near the point i= — l. 

These facts, together with those already noted for 
the Legendre polynomials and the cosine polynomials 
(see §1), mean that the normalized Jacobi polynomials 
are uniformly bounded throughout any closed interval in- 
terior to (—1, 1), if the exponents (a, (3) have any of the 
pairs of values -|), (-|, 0), (0, -|), (0, 0). 

Combined with a special case of a result to be ob- 
tained in the next section, this observation will make it 
apparent that a similar conclusion holds for any pair of 
exponents (a, j8), each of which is an integer or half of an 
integer (with the understanding, of course, that a> — 1, 
/3> — 1). The above theory of convergence is applicable 
accordingly. Proof of the corresponding fact for com- 
pletely arbitrary Jacobi polynomials is outside the scope 
of this presentation. 

7. Multiplication or division of the weight function 
by a pol 3 momiai. Let n(x) be a polynomial which is non- 
negative on the interval {a, b). This polynomial, once 
chosen, is to keep its identity unchanged through the 
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next stages of the discussion. Let its degree be m. Let 
pk(x), k = 0, 1, • • • , be the orthonormal polynomials cor- 
responding to a weight function p{x) on (a, b), and let 
2 i(x), = 1, • • ■ , be the orthonormal system associ- 

ated with n {x)p(x) as weight function. It is to be shown 
that properties of boundedness of the polynomials g,k(x) 
can be inferred from boundedness of the ^’s. 

The product Jl(x)q„(x), being a polynomial of de- 
gree n-j-m, can be expressed in the form 

n-fm 

n(a:)g„(a;) = Cnkpk{x), 

&— -0 

Cnk ~ ^ P ( yP) n ( p k(^X^ d X. 

If c„it = 0, in consequence of the properties of or- 
thogonality of Qnix) with respect to the weight function 
II(x:)p(jc). So 

n+m 

(11) n(a:) 9 „(a:) = ^ c„kpk{x), 


with just m-j-l terms on the right, instead of a number 
of terms increasing with n. As to the coefficients which 
do not vanish, 




2 

nk 


^ j n(a:) 1 qM | • [p(x)Y/'^\pk(x) | dx, 

^ r p(^)[n(3:)f f p(x)[pk(x)]^dx, 

J a ^ a 


by Schwarz’s inequality. The last integral is equal to 1, 
since the ^’s are normalized. Let G be the maximum of 
n(x) on (a, b). Then 
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r p{x)[n{x)Y[qn{x)Ydx 

f p(x) n(a;)[5'„(a;)]2Ja: = G, 
J a 

since the g’s are normalized for weight II(:x:)p(a:). So 

I c„k [ ^ 

Let the polynomials pk(x) satisfy the condition that 
1 ^a;(3c) i SH on a point set E forming a part or the whole 
of the interval {a, b), where H is independent of k and x; 
then by (11) and the inequality for c„fc 

1 n(ic)gn(:c) I ^ (m + l)Gi/2 ff 

in E. If El is a part of E on which II (x) has a positive 
lower hound (or the whole of E, if 11(3;:) has a positive 
lower bound there), the polynomials qn{x) are uniformly 
hounded on Ei. 

The conclusion referred to in the last paragraph of 
the preceding section with regard to certain Jacobi poly- 
nomials is obtained from the earlier results by taking 
n(x) = (1 — x)'^(l-l-:if)-®, with non-negative integral val- 
ues of A and B. 

Let pk{x) again be the polynomial of the ifeth degree 
in the orthonormal system corresponding to p{x), let 
n(x) be a polynomial of the wth degree which is posi- 
tive throughout the closed interval {a, b), and let Qkix), 
k = (), 1, ■ ■ ■ , now be the orthonormal polynomials for 
weight* p(x)/II(x). 

In the representation 

9n(x) ^ ^ CnkP k(^X^ 


* See, e.g., G. Peebles, Somt generalizations of the theory of orthog- 
onal polynomials, Duke Mathematical Journal, vol. 6 (1940), pp. 
89-100; p. 92. 
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the formula for Cnk can be written in the form 
Cnk — r [p(x)/ n(3c)] Jl{x)qn{x)pk(x)dx, 

a 

and the integral vanishes if n(x)^)b(x) is of degree lower 
than the »th, i.e., if k<n—m. So, for n^m, 


?n(a:) == 52 Cnkpkix). 

k—n—7t 

Once more a sum is obtained with only m + 1 terms. In 
this sum, furthermore, 

c„k \ ^ f [p(^)]^'H Q»(x) I • [p(x)]i/2| Pj^(x) I dx, 

^ A 


and by another application of Schwarz’s inequality, 
with G denoting again the maximum of II(x) on (a, h). 


2 

Cnk 


fc ^ J* p{x){q-n{x)fdx ^ p{x)[pk{x)'fdx 

/ ' ^ 2 

f>{x) [ 9 n(x) ] dx 

a 

2 

= J [p(x)/ n(x)] n(x)[g„(a:)] 

g G r [p{x)/ II(x) ] [qn{x) ] ^dx = G. 

V a 


If the p's are uniformly hounded on a point set E, | pk{x) | 
then \qn{x) \ and the q's are uni- 

formly bounded on the same set. 

The reasoning is still applicable if II(x), without 
changing sign, vanishes on (a, b), provided that 
p(x)/n(x) is integrable. 
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By combination of the results just derived it is seen 
that if the orthonormal polynomials belonging to the 
weight function p{x) on a finite interval are uniformly 
bounded on a point set E the same is true of the ortho- 
normal polynomials for weight p(x)R(x), if R{x) is a ra- 
tional function whose numerator and denominator are 
positive on the closed interval; there are obvious modi- 
fications if numerator or denominator vanishes in the 
interval, 

8. Korous’s theorem on boimds of orthonormal poly- 
nomials. A theorem which is far more powerful than 
those of the last section as far as the introduction of 
bounded non-vanishing factors into the weight function 
is concerned can still be obtained by an elementary dem- 
onstration, which is due to J. Korous.* 

Let p(x) be a weight function on a finite interval 
(a, b), with po(x), Pi(x), • • • as the polynomials of its 
orthonormal system. Let c{x) be a function which is 
positive on the closed interval {a, h), and which satisfies 
the condition that 

(12) iy{x^ — or(a:i) | ^ X | 0:2 — a:i | , 

X being a constant. Let 3o(^). Si(^), • • • be the ortho- 
normal polynomials for the weight function p{x)a{x). It 
is to be shown that boundedness of the p'% implies 
boundedness of the g’s. 

Let 


Kn{x, 0 = 2 ] pk{t)ph{x) = pn{t)pn{x) + Kr.-l{x, t) . 
k^O 

By (7) of Chapter VII, 

* See Szego, p. 157, 
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qnix) = r pit)qnii)Kn(x, t)dt 

a 

(13) = pn{x) f p{t)qMpn{t)dt 

+ f p(l)qn(t)Kn-l(x, t)dt. 


The expression Kn~i{x, t)f being a polynomial of de- 
gree n — 1 at most as a function of i, is orthogonal to 
qn{t) with respect to the weight function p{t)(r{t), for any 
value of x: 



p{t)a{t)qn{t)Kn-\{x, t)dt = 0. 


Hence 


<f{x) r p{t)qn{t)Kn-i{x, t)dt 

j a 

- r p{t)[<T{x) ~ cr{t)]qn(t)Kn-i{x, t)dt. 

V a 


But by the Christoffel-Darboux identity (Chapter VII, 
§6), if da and <z„_i are the leading coefficients in pn and 
pn-i respectively, 

Pn{x)pn-lit) - pn-l{x)p^{t) 

K„-i{x, t) = 

On X — t 


Consequently the last integral in (13) is equal to 
1 r * a{x) — a{t) 


o„_i 1 r” 

7T I 

0„ 0\x) J a 


Pn-^l{x)pn{t) ]dL 


X — t 
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Let 


^ <x{x) — (r{i) 

p{t) qn{t)pk{t)dt, k = n ~ 1, n, 

a X ~ t 

/ = r p(t)qn{t)pn{t)dt. 

j a 


With this notation, (13) becomes 

Qn(.^) ~ Jpni.x') [-^n— 

(14) (r(x) 

/n(3j)^n— 1(^) ]• 

Because of the hypothesis (12), 
ct(x) - a{t) 

= A. 

X — t 


Hence, for each value of k, 

1 Ik(x) 1 ^ X r p{t) I qn{t)pk(t) j dt. 

^ a 

Let g>0 be the minimum of cr(x) on (a, h). Then by 
Schwarz’s inequality, the last integrand being written 
in the form 

ko]-"'- k<)»«)]'''-l ?.«) I ■ [pa)]‘«i ps)\. 

[J. 

^ (1/g) r p(iMi)[qn(i)]-dt f p{t)[pk(t)ydt = l/g. 

^ a a 

It follows that [/a;(^)[ for g^ch k, and at the 

same time By the application of Schwarz’s in- 


pii) 1 qn{t)pk{l) 1 dt 
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equality already noted in §3 (with n replaced by w~l), 
dn-ilan'^C, if C is the larger of |dj| , |^| . 

These inequalities, with the relation <r(.Y)§g, are 
to be applied in (14); it is seen that 

I ?„(.V) I I I pn{x) I + C\f^'-[\ Pn{x) I + I Pn-M \ ]. 

In this form, the conclusion holds throughout the inter- 
val {a, h), without any restrictive hypothesis on the 
bounds of pk{x). If the fs are uniformly bounded on a 
point set E contained in (a, h), the same is true of the q's. 

Thereasoningof this chapter establishes theorems of con- 
vergence for the series of orthonormal polynomials on the 
interval (“1,1) associated with any weight function of the 
form 

(1 - y )“(1 + xfffix) 

in which a and ft algebraically greater than -1, are in- 
tegers or halves of integers, and (r(Y) satisfies the hypotheses 
of the present section. 

Supplementary references: Szego; Shohat; Darboux; Kacz- 
marz-Steinhaus. 
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1. Calculate the coefficients in the Fourier series for 
a function f{x) of period 2t which is equal to — 1 for 
— 7r<ic<0 and equal to 1 for 0<x<Tr. 

4 r sin 3a; sin 5a; 

Ans. f{x) — sina;H 1 j- • . 

TT L 


2. Calculate the coefficients in the Fourier series for 
an even function /(a:) of period 2ir which is equal to x for 
and equal to ^xfor ^Tr^ar^Tr. 


3r ^ 2 / kr \ 

Ans. f{x )= — h Z- — (cos 1 I cos ^a; 

8 k=i rk^ \ 2 / 


3t 2 

8 TT 

4 

TT 


COS 3a: cos 5a: 


cos X- 


’cos 2a: cos 6a: 
. 22 62 


3. Calculate the coefficients in the Fourier series for 
an odd function f{x) of period 27r which is equal to 
^TT — ^x for 0<a:<7r, a) by integration, b) by substitu- 
tion of TT — a; for x in the series inside the brackets in 
(12).* 

sin 2a: sin 3a: 

Ans. f{x) = sin a; H 1 !-•••• 


* In connection with the exercises on any particular chapter, 
numbers of formulas or sections refer to the corresponding chapter, 
unless otherwise indicated. 
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^ sin kx T X 

Graphs of y = of y on the interval (0, ir). 

k 2 2 



1 

Graphs of y — sin a: — ~ sin SxforO ^ x ^ tt 

T TT T 

and of y = — x for 0 g 5c: ^ — » y = — (t 
4 2 4 



^ ^ ^ TT. 


(See Exs. 3, 4, 5 of Chapter I.) 
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4. Calculate the coefficients in the Fourier series for 
an odd function f{x) of period lir which is equal to x for 
0 ^ ^ |ir and equal to x — ic for |x ^ ^ x, a) by in tegra- 
tion, b) by substitution of ac+^x for x in (11) and sub- 
traction of a constant. 

r sin3a5 sin 5a: 

Ans. f{x) • sin a; — -j- • 

L 32 52 

sin lx 



5. Construct graphs of the first few partial sums of 
the series in Exs. 3 and 4, proceeding from one partial 
sum to the next by drawing a curve for the single term 
to be added and combining ordinates graphically. (See 
Figs. 1 and 2.*) 

6. Using the identity 

cos {k -j- l)a: = 2 cos kx cos x — cos {k — l)a:, 

show by induction that cos nx can be e.xpressed as a 
polynomial of the nth degree in cos x, for arbitrary posi- 
tive integral n. 

Note the following corollaries: 

a) Any cosine sum of thexth order (i.e. trigonometric 
sum involving only cosines) is a polynomial of the nth 
degree in cos x. 

* In a diagram of this size, the inclusion of one more term would 
make the graph of the trigonometric sum in Fig. 2 almost indistin- 
guishable from that of the function to which the Fourier series con- 
verges, except near the peak. 

In each case the complete graphs of the trigonometric sum and of 
the function represented by the series, for unrestricted values of x, 
would be symmetric with respect to the origin, and of period Itt. 
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b) The function cos” x is expressible as a cosine sum 
of the nth order. 

c) Any polynomial of the nth degree in cos x is ex- 
pressible as a cosine sum of the nth order. 

7. Using Ex. 6 and the identity 

sin [k \)x = 2 cos kx sin x + sin {k — \)x, 

show by induction that sin nx can be expressed as the 
product of sin x and a polynomial of degree n — 1 in cos x, 
for arbitrary positive integral n. 

8. Show by adaptation of the proof of §14 that any 
even continuous function of period It can be uniformly 
approximated by a cosine sum with any assigned degree 
of accuracy. (The function ^(x) can be taken as an even 
function.) 

9. If f{x) is any function which is continuous for 

— show that /(x) can be uniformly approxi- 

mated by a polynomial in x with any assigned degree of 
accuracy on the interval. (Let x ~ cos 6, and use Exs. 8 
and 6 to show that /(cos 6) as an even function of d can 
be uniformly approximated by a polynomial in cos 6.) 

Hence show by a linear change of independent varia- 
ble that a junction f(x) continuous on an arbitrary closed 
interval a^x^b can be uniformly approximated by a poly- 
nomial on the interval with any assigned degree of ac- 
curacy. This is Weierstrass' s theorem for polynomial 
approximation.* 

10. Show that if p and q are any two distinct 

non-negative integers the functions sin and 

sin {q-\-\)x are orthogonal to each other on the inter- 
val (0, t). 

* K. Weierstrass, Tiber die analytische DarsieUbarkeit sogenannter 
wUlkiirlicher Functionen einer reeUen Verdnderlichen, erste Mitthei- 
lung, Berliner Sitzungsberichte, 1885, pp. 633-639. 
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11. A function /(ac) being given on the interval (0, tt), 
determine the coefficients in a formal representation of 
f(x) on the interval in a series of the formj^o" Cisin (k + ^)x. 

12. Prove for the series of Ex. 11a least-square prop- 
erty corresponding to that of §15. 

13. Prove for the series of Ex. 11 a theorem analo- 
gous to that obtained in the first two paragraphs of §7. 

14. Obtain for the series of Ex. 11 inequalities corre- 
sponding as far as possible to those of §6, assuming that 
f{x) vanishes for x = 0. 

15. Obtain for the partial sum of the series of Ex. 1 1 
a formula corresponding to (19). 


A ns. 



“sin (n -f- 1) (i — x) 
_ 2 sin — x) 


sin (n + !)(/ -j- x)' 
2 sin -h a:) _ 


4L 


CHAPTER II 

1. The Legendre polynomials Po{x), • • • , Pi{x) be- 
ing known from §2, calculate Pb{x) and Pbix) by means 
of (5). 

Ans. Pb{x) = |(63x® — 70x® -j- 15x), 

Pb{x) = *(231x« - 315x' -t- 105x^ - 5). 

2. Calculate the roots of the equations Pi(x) =0 and 
Ph (x) =0 for ^^5. 

3. Using the results of Ex. 2, plot graphs of the poly- 
nomials Po(x), • • • , Pi{x). 

4. Calculate the value of Pfc(O) for arbitrary k by 
means of the recurrence formula. 
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1-3-5 • • ■ {k-1) 

Ans. P*(0) = (~ !)*='■'* forevenA>0, 

2-4-6 ■ ■ • k 

Pi(0) = 0forodd k. 


Check this result by finding directly the coefficient 
of r* in the power series expansion of i?(0, r), when 
H{x, r) is the generating function of §2. 

5. Find the value of P* (0) as coefficient of r* in the 
power series expansion of dH/dx for 5: = 0. 


Pjfc (0) = 0 for even k; for odd k: 

3-5-7--- k 


P/(0) = (~ 


2-4'6 • • • (jfe - 1) 


kPk-i{0). 


Verify this result by mathematical induction based 
on the recurrence formula. 

6. Find the coefficients in the Legendre series for 
|xl . (Integrate by parts, and use (14), as in §14, for the 
integration of the Legendre polynomials.) 


Ans. afc=0 for odd k; 00 = 2 ; <^2=1; for even k>2: 




i2k+l) 

{k-l)ik+2) 


Pjc(O) 


= (_l)(/c/2W(2^ + l) 


1- 3-5 

2- 4-6 


• ■ (k-3) 

■ ■ /i(Jk+2) 


7. Construct graphs for the first few partial sums of 
the series in Ex. 6, proceeding from one partial sum to 
the next by drawing a curve for the single term to be 
added and combining ordinates graphically. 

8. Construct graphs similarly for the series of the 
first two paragraphs of §14, taking c~0. 
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9. Evaluate JqCOs^ ^( f>d^ (or j—0, 1,2, • • • bysetting_ 
a: = 0 in (31) and applying Ex. 4. 

. 1-3-5 ••• (2i-l) 

Ans. I cos^' ^ 'rforj‘>0. 

Jo 2-4-6 (Ij) 

10. Prove that /i.i| Pn(x) | dx does not exceed a con- 
stant multiple of a) by reference to (36), b) by 

means of (18) and Schwarz’s inequality (see §19 of 
Chapter I). 

11. Obtain theorems for Legendre series correspond- 
ing to those of §6 in Chapter I for Fourier series, using 
(14) for the evaluation of JPi{x)dx. 

It is found that if f{x) has a continuous derivative, 
ja)fe| does not exceed a constant multiple of lifipc) 
has a continuous second derivative, or is a broken-line 
function, \ah\ does not exceed a constant multiple of 
j^-3/2. Pqi- a. fixed value of x in the interior of the interval 
it follows from (36) that | akPk{x) \ has an upper bound 
of the order of 1/k in one case and 1/k^ in the other, in 
closer analogy with the results obtained for Fourier series. 

Note further that when the upper bound obtained 
for \ak\ is of the order of the series is uniformly 
convergent throughout the interval, inclusive of the end 
points. According to §13 the sum of the series isf(x) in 
the interior of the interval. By the theorem of the theory 
of functions which states that the sum of a uniformly 
convergent series of continuous functions is continuous, 
it follows that the sum of the series is equal to the value 
oif(x) at the ends of the interval also. 

12. Prove for Legendre series the least-square prop- 
erty corresponding to that of §15 in Chapter I for 
Fourier series: If f{x) and [/(jc)]^ are integrable over 
(-1,1), and if 5n(^) is the partial sum of the Legendre 
series for /(x), the integral /_i[/(.'r) ~'Sn(^)]^'^^ 
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smaller value than that which is obtained if Sn(x) is re- 
placed by any other polynomial of the same (or lower) 
degree. 

13. Using Ex. 12 and Weierstrass's theorem for poly- 
nomial approximation (see Ex. 9 of Chapter I), prove 
for Legendre series the analogue of Parseval’s theorem 
in §16 of Chapter I : If f{x) is continuous for ~ 1 ^ 1, 

and if aj, is the general coefficient in its Legendre series, 


r lj{x)fdx = X) 

•/ _1 fc=0 


2 

2^+7 


2 

Oft. 


CHAPTER III 

1. Evaluate /o xJo{x)dx. (Obtain an alternative ex- 
pression for xJ(i{x) from the differential equation (1).) 

Ans. I xJo(x)dx = — X/o (X). 

d 0 

2. Find the coefficients in the expansion of the func- 
tion /(a:) =1 on the interval (0, 1) in a series of the form 
discussed in §6, the X’s being the roots of the equation 
Jq{x) =0. 

Ans. at = - 2/[Xi/o (Xit)]. 

What is the form of the series if the X’s are the roots 
of Jo'(a:) = 0? 

3. Verify (10) by substituting in (12) the value of 
Jocos^^' (p d<p given by Ex. 9 of Chapter II. 

(The evaluation of /ocos^"0 d4> as needed for the pur- 
poses of §9 can be taken directly from the same source, 
instead of being made to depend on the proof of (10) by 
the method of §4.) 

4. Show that the series inside the brackets in (17) 
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represents (sin 5 c)/ 3 c if » — and represents cos if 
n-—\. 

5. Show by direct substitution that the differential 
equation 



to which (14) reduces for « = ± is satisfied by the func- 
tions (sin x)/x^'^ and (cos x)/x^i^. 

For arbitrary n, except for the need of a supplemen- 
tary interpretation in the case of the negative integral 
values —1, — 2, • • • , Jn(x) is defined by giving to 
the constant Cq in the last sentence of §7 the value 

l/[2»r(w-fl)]: 

X”' f x^ 

JJx) = 1 

2"r(» -b 1 ) L 2(2w -i- 2) 

"b ■ 

2-4(2»-b 2)(2»-b4) 



In particular, as and r(^)=T'^', 

-^i/ 2 (^) = [2/(7ra:)]^/2 sin a;, = [2/(Ta:)]^/2 cos .r. 

It is obvious that each of these functions vanishes for 
infinitely many positive values of x (as well as others). 

In the following exercises the value of /osin-" (f) d4> is 
assumed as known for arbitrary n> with the sub- 
stitution f = sin^ 



sin*" 4>d4> — 2 



Ct/2) 

sin*" 





= B{n + i i) = r(« -b l)r(^)/r(« -b i) 


= 7ri/*r(n -b i)/r(« + 1). 
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It will be understood throughout that n is real, 
though some of the statements would be true also for 
complex values of n. 

6. Noting that the derivation of (23) is independent 
of the assumption that n is integral, provided that 
w > — I, and that the same is true of the discussion of the 
solution of (15) by means of power series in §7, show 
that 

“ 2vmr(„ + «J. 

for all n > — 

7. Verify the formula of Ex. 6 for w = | by explicit 
integration. 

8. Show by means of Ex. 6 and (23) that (24) is 
valid for all m > — |. 

9. Show by means of Ex. 6 and the method of §5 that 
Jn{x) vanishes for infinitely many positive values of x if 

10. The integration by parts in the second para- 
graph of §10 being independent of the assumption that 
n is integral, provided that w>|, show that (25) is valid 
for all n>\. 

11. Using Exs. 8 and 10 and the facts noted previ- 
ously with regard to J+in{x), show that the equation 
/„(x) = 0 has infinitely many positive roots for any value 
of M ^ — f. 

12. Show' by substitution of the power series expres- 
sions for the various terms and comparison of coeffi- 
cients that (24) and (25) hold without any restriction 
on n except that (for direct applicability of the definition 
of Jn{x) as given above) it is not a negative integer, and 
in the case of (25) is not zero. 
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13. Show that the equation Jn(x)=Q has infinitely 
many positive roots for any value of n which is not a 
negative integer. (Even this restriction is unnecessary 
when Jn{x) is defined for negative integral n, since the 
definition is such that J-n{x) s ( — l)"/„(x) when n is in- 
tegral.) 

When n is not an integer, the functions /„(x) and 
J-n(x) are linearly independent, since one vanishes for 
x = 0 and the other becomes infinite there; and the gen- 
eral solution of (14) is AJn(x)-\-BJ-n{x). A second solu- 
tion of the differential equation for w = 0 is given by the 
following exercise. The form of a second solution for 
other integral values of n will not be discussed here. 

14. If y is a solution of (1) and if 

z = y — Jo{x) log .t. 


show that z satisfies the differential equation 


dh 1 dz 

-j j- 2 

dx^ X dx 


2 

— Jo (x), 


X 


and find a solution of this equation in the form of a 
power series. When z is such a solution, Jo{x) log x-fz is 
a solution of (1) independent of /o(^)- 


X“ 


Ans. z - — (1 + 2 ) TTrr + (1 + I + i) 


22 


2242 


224252 


— (l“i“§"l"'J"l~4) 

22426 * 82 ' 

(or the sum of this function and an arbitrary constant 
multiple of /o(^)). 
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CHAPTER IV 

1. Write explicitly (i.e. with the appropriate numeri- 
cal coefficients) the series representing the solution of 
the boundary value problems of §§1 and 2, for the differ- 
ential equation (2) with the auxiliary conditions (3), (4), 
(5) and (6) in one case and (3), (4), (5) and (9) in the 
other, when /(a:) = 1 on the interval (0, tt). (See Ex. 1 of 
Chapter I.) 

2. Show by substitution in the differential equation 
and auxiliary conditions that the function 

2 sin X 

u — — arc tan - _ 

IT sinh y 

is a solution of the boundary value problem of §1 for the 
strip of width tt with (except at the corners, 

which are points of discontinuity). 

The relation of this expression to the solution in se- 
ries may be recognized through the introduction of func- 
tions of complex variables by regarding u as the real 
part of the function 

2 1 "h 

— log > f = e~^(cos X -\r i sin a;), 

TTI 1 — f 

and expanding this in series of powers of f . 

3. Write explicitly the series representing the solu- 
tion of the problem of the plucked string in §3 when 
fix) is equal to for 0 ^ ac ^ and equal to ^(tt ~x) for 

being a constant. (See Ex. 4 of Chapter I.) 

4. Show that the function 

yix, t) = \[fix -f at) -{- fix — of)] 

is a solution of the problem of the plucked string in §3, 
if the definition of fix) is extended from the interval 
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(0, tt) to the whole range of real values of x in such a 
way that it becomes an odd function of period 2t. 

Show how this form of y can be obtained from the 
series in (17). 

5. Solve the problem of the struck string in §3 when 
(f>(x) is equal to 0 for 0^3; <1^ — 5 and for |7r+S<a:^7r 
and equal to h for ^ir — dKxK^ir-i-d, h and 8 being posi- 
tive constants. 


Ans. y{ 


Ah °° r 

Tca A=o _ 


(- D* 

{2k + 1)2 

sin (2fe + 1)5 sin {2k -f l)a: sin {2k l)oi 


6. Find explicitly the solution of the problem of §8 

when f{6)=cos^ 6 for 0^6 when f{6) is equal to 0 
for and equal to 1 for (see §14 of 

Chapter II); when/(0) = |cos for (see Ex. 6 

of Chapter II). 

7. Write explicitly the series for the solution of the 
problem defined by (30) and (31) in §9 when/(r) = l for 
0^r<l. (See Ex. 2 of Chapter III.) 

8. Discuss the vibration of a circular drumhead with 
damping proportional to the velocity, the drumhead be- 
ing initially at rest with a distortion which is a function 
only of distance from the center; 2 as a function of r and t 
satisfies a differential equation of the form 


dh 

3/2 


+ k 


dz 

dt 


dh 1 a2\ 

3r2 r dr)’ 


in which k and a2 are positive constants. 

Discuss the corresponding problem in which the 
drumhead starts from its position of equilibrium with 
initial velocities depending only on distance from the 
center. 



222 


EXERCISES 


CHAPTER V 


1. Write the spherical harmonics 0), 0) 

explicitly for m ^ 3. 

2. Express sin® 6 cos- 4> as a linear combination of 
spherical harmonics; the representation can be regarded 
as a Laplace series which reduces to a finite number of 
terms. 


Ans. sin® 6 cos® 0 = ■fwoo — ■5*^20 “h ^^22- 

3. Expand the function 

/(^» <i>) = (1 — I cos ^1 )(1 + cos 20) 


in a Laplace series. 

cc 00 

AflS, f(9, 0 ) ~ 5®«»0^m0 “1“ y / nm2^m2> 

m=2 

flmo = o»»2 = 0 for odd m; 

Coo = 1 ; for even m 2: 

®m0 “ 2(2w "i” l)rm) 

(ot — 2) ! 

^-® = 7 + 1) 6c^ - P^(0) , 

(w + 2)! 


Cm — 



xPm{x)dx — 


P^(0) 

{m — l)(w + 2) 


(see Ex. 6 of Chapter II). 


4. Write the series for the solution of the boundary 
value problem of §3 when S{B, 0) is the function of the 
preceding exercise. 

5. Discuss the vibration of a square membrane fas- 
tened at the edges, z being a solution of the equation 


dh 

dt^ 
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6. Discuss the vibration of a circular membrane with 
initial conditions which are not independent of <j). 

CHAPTER VI 

1. Draw graphs of the function (1— 3c)“(l+ir)'’ on 

the interval ( — 1, 1): a) for a=j8 = 2, b) for a=^ = l, 
c) for o: = |8 = f, d) for Q!~j3= — e) for q;= — /3 = 2, 

f) for a = — I, jS = 

2. Draw graphs of the function for >: > 0: a) for 
a — 2 , b) fora = l, c) for a: = |, d) forQ; = 0, e) forQ:= —5. 

3. Plot with the same axes and the same scale the 
curves 

1 , 1 

y =: 'y = 

(27r)l/2 ^ ^ 

(Note that the second function is of the type discussed 
in §3, with a! = 0. Statistically each curve represents a 
distribution with total frequency 1 , mean 0, and stand- 
ard deviation 1.) 

CHAPTER VII 

1. Find successively the first few polynomials in the 
orthonormal system corresponding to |x| as weight 
function on the interval ( — 1, 1). 

2. If pnix) is the general polynomial in the ortho- 
normal system for weight p{x), and if m is an arbitrary 
positive integer, show that x^pn(x) is connected by 
a recurrence formula with the 27w-f-l polynomials 
pn—mix')i ' ■ ' 1 P n-^-mix) . 

3. Show by adaptation of the method of §6 that 
Kn{x, t) has a representation of the form 

(/=* - x‘^)-^Y, CrApr{t)p,{x) - pr{x)p,{{)], 

the coefficients Cr, being constants, and the summation 
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being extended over the three pairs of values (ra + 2, n), 
(n + 1, w), («+l,K — 1) for the subscripts {r, ^). 

4. If ■ • • form an orthonormal sequence 

on {a, h) and if 


u{x) 


n 

akgk{x), 




n 


Hx) = £ bkgk(x), 
*=:0 


show that 



S akbk. 

k=(t 


5, If » = 1 in Ex. 4, if 0, P, Q are the points (0, 0), 
(flo, ai), (bo, bi) with respect to a plane rectangular co- 
ordinate system, and if 6 is the angle POQ, show that 


/ h /r/*^ ^ 

uvdx / I u-dx I v^dx 


1/2 


In particular, the functions u, v are orthogonal if the 
lines OP, OQ are perpendicular to each other. 

Note that this formulation is applicable to any two 
functions (u, v) which are integrable with their squares 
and linearly independenr (in the sense of the concluding 
sentence of the first paragraph of §2), since u, v can 
themselves be taken as ^o. in applying the Schmidt 
process, and expressed linearly in terms of the corre- 
sponding ga, gi. 

Furthermore, since | cos ^ 1, the relation (i) consti- 
tutes an alternative proof or interpretation of Schwarz's 
inequality (see Chapter I, §19). 

6. If 7? = 2 in Ex. 4, if 0, P, Q are the points (0, 0, 0), 
(ffo) di, 02), (bo, bi, 62) with respect to a rectangular co- 
ordinate system in space, and if d is the angle POQ, show 
that cos 6 is again represented by the formula (i) of Ex. 5. 
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7. Develop a theory of trigonometric sums orthogo- 
nal and normalized with respect to a positive weight 
function p(x) of period l-ir, the orthonormal system be- 
ing constructed by application of Schmidt’s process to 
the functions cos x, sin x, p^^^ cos 2x, 

p^/® sin 2x, ■ • • 

CHAPTER VIII 

1. Show that when a:=/3=— §, so that pn(x) 
= ( 2 / 7 r)^^^ cos n0 for n>Q if x = cosd, the recurrence 
formula (10) of Chapter VII reduces to the identity 
connecting the cosines of successive integral multiples 
of e. 

2. In the differential equation at the end of the first 
paragraph of §6 with a = /3 = — § set a; = cos 6, and show 
that cos nd is a solution of the transformed equation. 

3. Make the same change of independent variable 
in the differential equation with a=/3 = and show that 
the transformed equation has sin (w-|-l)0/sin 5 as a solu- 
tion. 

4. Solve the differential equation for general a, |3 by 
the method of undetermined coefficients, to the extent 
of obtaining the formula from which the coefficients can 
be calculated in succession, and with the hypothesis that 
q:> — l,i8>— 1, show that except for an arbitrary con- 
stant factor the equation has just one polynomial solu- 
tion, n being a non-negative integer. 

5. By differentiation of the differential equation 
with n replaced by w -1-1 and reference to Ex. 4 show that 
{d/dx)Pn^f(x) is a constant multiple of 

6. Develop a theory of the “ultraspherical polyno- 
mials,” constant multiples of the Jacobi polynomials 
with /3 = a, by defining them as coefficients in the repre- 
sentation of the generating function (1— 
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by a power series in r, proceeding as far as possible along 
the lines of Chapter II. (It is to be supposed that 

CHAPTER IX 

1. Taking the identity which concludes §5 as an al- 
ternative definition of the Hermite polynomials, obtain 
the relation (6) directly from this definition. 

2. Derive the differential equation (7) by combina- 
tion of (5) and (6). In view of §5 and Ex. 1 the differ- 
ential equation is thus obtainable from the definition 
in terms of the generating function. 

3. Derive the property of orthogonality of the Herm- 
ite polynomials from the differential equation. 

4. Solve the differential equation by the method of 
undetermined coefficients, and show that except for an 
arbitrary constant factor there is just one polynomial 
solution for each non-negative integral n. 

5. Obtain the relation (6) by differentiation of the 
differential equation and use of Ex. 4, together with the 
fact that the leading coefficient in Hn{x) is 1. (Note that 
there has been one derivation of the differential equa- 
tion which does not depend on (6), namely that based 
on §10 of Chapter VII.) 

6. Denoting by Cn the integral which forms the first 
member of (3), obtain a relation of recurrence connect- 
ing successive C’s, after the analogy of the method fol- 
lowed in §6 of Chapter II, and thus find the value of 
Cn, on the assumption that Co is known. 

CHAPTER X 

1. For Q! = 0, obtain the differential equation (3) 
from a definition of the Laguerre polynomials in terms 
of the generating function in §4. (Use the relations 
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, dH , dH 

(l-t) \-tH = 0, til-t) = 0 .) 

dx dt dx 

2. Solve the same problem for general a. 

3. Obtain (3) for arbitrary a from the derivative 
definition of the Laguerre polynomials as given in §1. 
(Differentiate the identity 

X<t>n (x) + (x — a — n)4>n(x) = 0 
M+l times, differentiate the relation 

<f>n\x) = (— l)”x‘‘e “Znix) 

twice, and combine the results.) 

4. Derive the property of orthogonality of the La- 
guerre polynomials from the differential equation. 

5. Denoting the integral foX“e~^lLn(x)]^dx by C„, 
obtain a relation of recurrence connecting successive 
C’s, after the manner of §6 in Chapter II, and thus find 
the value of C„. 

6. Solve the differential equation (3) by the method 
of undetermined coefficients, and show (for ct > — 1) that 
it has just one polynomial solution for each non-nega- 
tive integral n, except for a constant factor. 

7. By differentiation of (3) and application of Ex. 6 
show that (d/dx)Li%(x) = 

CHAPTER XI 

In Exs. 1-3 it is understood that pn(x) is the poly- 
nomial of the wth degree in the orthonormal system for 
weight p(x) on a finite interval (a, b), and that c*, is the 
coefficient of pk in the expansion oij{x) in series of these 
polynomials. 

1, Using the least-square property (Chapter VII, 
§9) and Weierstrass’s theorem for polynomial approxi- 
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mation (Chapter I, Ex. 9) show that if/(x) is continuous 
on (a, h) 

J a M 


2. By means of Schwarz’s inequality show that 


(i) 


n b 


p(x) pn{x) dx i 



3. If a polynomial ?r«_i(x) of degree n-\ at most 
and a number e„_i are such that 

I f{x) - fn-l(x) I ^ 6„_i 

throughout (a, b), show that |r„| ^ 7 €n_i, where y de- 
notes the right-hand member of (i) in Ex. 2. (Note that 
pn(x) is orthogonal to 7rn~i(3c) for weight p.) 

4. Show that the orthonormal trigonometric sums 
corresponding to a weight function p(x) (see Chapter 
VII, Ex. 7) are uniformly bounded if p(x)is a trigonomet- 
ric sum which is everywhere positive, or the reciprocal 
of such a sum. 
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